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1 KGNW%�2fL�>�, Lie �>"il2Æ�=. 1980 �, Michaelis u.� Lie �>"6�,Y Lie ~�>, 
9�)� Poincaré-Birkhoff-Witt(z (`U\ [1]).

1986 �, Drinfel’d ��[>f\�R0u.� Lie ��>"6� (`U\ [2]).

1994 �, :n Lie �z�, Michaelis x Lie �>;�� Lie ��>. � Lie ��>";��, Lie �z�!�2Æ�k$w (`U\ [3] �"(z 3.2), +%x Virasoro �>J Witt �>uo;� Lie ��>.

2006 �, U\ [4, 5] �?s Virasoro 
�>J?s Witt 
�>03	;�� Lie ��>. U\ [6] u.� (H, R)-Lie ~�>J (H, R)-Lie ��>"6�, 3	O?� Lie ~�>J
Lie ��>, �| (H, R) �7/d Hopf �>.�Ub9� Lie~�"�J3g,'N:n Lie~�z�x Lie~�>;��b (/d)Lie��>. t�, O?�U\ [1] �"nbfC, 9��U\ [3] �")�f�.�U;YQrnb6�, 

Æm�y℄F� Loc: Γ

M →Γ
Ml.f. 9�EF� Γ

Ml.f.

→Γ
M"n8z�D (`�J 1).  �,9� Lie~�"�J3g, Y, -C W 9n8# Γ-Lie~�, 	��n8�J3g: W ⊗ W = W+ ⊕ W−(`�J 2). -C Γ 9n8oy Lie ~�T

ε " Lie ~�>, 	)*q# Γ-Lie ~� M , ���J3g
M = M+ ⊕ M−




��: Lie��K LieA�?#<��%i� Φ2 = I(`(z 1). "Nx Lie ~�>;� Lie ��>, +%x Euclid v_ E3 JW℄R`�v_ Γ uo;��b (~��, /d)Lie ��> (`} 3–5).�UEH�")aq�� k 0r�, y>�>, ~�>� Hopf�>"ZH�4H
`U\ [5].X
Qr�Uw "y>6�:

•n8 Lie�>9xn8`�v_ LJ��QwV"v1 [·, ·] : L⊗L → L, x⊗y 7→ [x, y]!�, 
	 
(L1) [x, x] = 0, )*q x ∈ L,

(L2) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0, )*q x, y, z ∈ L.La (L1) 9.
P"$d6, La (L2) 9 Jacobi M$6.}-, -C A 9n8S�y�T�"fL�>, 	� A 0yn8 Lie �>f;
[a, b] = ab − ba.

• 2 L 9n8 Lie �>, V 9n8^ev_, -C��n8�^ev1 ϕ : L ⊗ V →

V, x ⊗ v 7→ x · v 	 
(LM) [x, y] · v = x · (y · v) − y · (x · v), x, y ∈ L, v ∈ V, 	� V 9n8# L-Lie �.-C� k "I��$} 2, 	La (L1) J (L2) uo�-X"La3	KP
(L1)′ Ker(I − τ) ⊆ Ker[·, ·],  � I : V → V �7M$v1, τ �7�&v1, Y τ :

L ⊗ L → L ⊗ L, x ⊗ y 7→ y ⊗ x.

(L2)′ [·, ·](I ⊗ [·, ·])(I + ξ + ξ2) = 0, �| ξ, ξ2 : L ⊗ L ⊗ L → L ⊗ L ⊗ L, ξ : x ⊗ y ⊗ z 7→

y ⊗ z ⊗ x, ξ2 : x ⊗ y ⊗ z 7→ z ⊗ x ⊗ y.oN, V��9^(� k "I��$} 2.

• U\ [1] �" Lie ~�>9xn8`�v_ Γ Jn8^ev1 ∆ : Γ → Γ ⊗ Γ !�,
	 
(Γ1) Im∆ ⊆ Im(I − τ),

(Γ2) (I + ξ + ξ2)(I ⊗ ∆)∆ = 0.X
�95w�j"ZH ∆(t) = Σti ⊗ tj , t ∈ Γ.La (Γ1) uo�-X"LaKP:

(Γ1)′ ∆ = −τ∆.}-, -C C 9n8S�y~�T"~�>, Y, ��n8^ev1 ∆C : C → C ⊗ C,5! (∆C ⊗ I)∆C = (I ⊗ ∆C)∆C , 	� C 0uo! n8fL" Lie ~�>  Lc(C):$Q`�v_  Lc(C) = C, F" Lie ~�,(sQ ∆ Lc(C) :  Lc(C) →  Lc(C) ⊗  Lc(C), c 7→

Σ[c1 ⊗ c2 − c2 ⊗ c1],  � ∆C(c) = Σc1 ⊗ c2.+I 1 2 Γ9n8 Lie~�>, M 9n8^ev_,-C��n8^ev1 ρM : M →

Γ ⊗ M, m 7→ Σm(−1) ⊗ m(0), 5!X
La	 :

(LCM) (∆ ⊗ I)ρM = (I ⊗ ρM )ρM − (τ ⊗ I)(I ⊗ ρM )ρM , Y, )*q m ∈ M,

Σm(−1)i ⊗ m(−1)j ⊗ m(0) = Σ[m(−1) ⊗ m(0)(−1) ⊗ m(0)(0) − m(0)(−1) ⊗ m(−1) ⊗ m(0)(0)],	� M 9U\ [7] �"# Γ-Lie ~�.
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�Asg A W: ?g & 38 p & 3 �8 1 2 C 9n8~�>, oy~�, ∆C J~�T εC , -C M 9n8# C- ~�, Y,��n8^ev1 ρM : M → C ⊗ M , 5!
(I ⊗ ρM )ρM = (∆C ⊗ I)ρM , (εC ⊗ I)ρM = I,	MD ρM , M 9n8#  Lc(C)-Lie ~�,  �  Lc(C) 9{�"fL Lie ~�>.R: )*q m ∈ M , y

Σm(−1)i ⊗ m(−1)j ⊗ m(0) = Σ[m(−1)1 ⊗ m(−1)2 − m(−1)2 ⊗ m(−1)1] ⊗ m(0)

= Σ[m(−1)1 ⊗ m(−1)2 ⊗ m(0) − m(−1)2 ⊗ m(−1)1 ⊗ m(0)]

= Σ[m(−1) ⊗ m(0)(−1) ⊗ m(0)(0) − m(0)(−1) ⊗ m(−1) ⊗ m(0)(0)]

(M9# C- ~�),t�, x(s 1 Æ M 9n8#  Lc(C)-Lie ~�. 
�.2 M 9n8# Γ-Lie ~�, -C)*q m ∈ M, �� M "n8y℄R� Lie ~� N ,5! m ∈ N, 	� M 9n8m�y℄ Lie ~�.2 M 9n8# Γ-Lie ~�, w Loc(M) �7 M "y℄R� Lie ~��J ΣMα, 	
Loc(M) 9 M "n8"�y℄R� Lie ~�.2 f : M1 → M2 9n8# Γ-Lie ~�v1, Y ρM2

f = (I ⊗ f)ρM1
, 	 f(Loc(M1)) ⊆

Loc(M2). 2 Loc(f) = f |Loc(M1), 	 Loc(f) : Loc(M1) → Loc(M2).w ΓM �7# Γ-Lie ~�/�, Y, F")a9# Γ-Lie ~�, G19# Γ-Lie ~�v1;w ΓMl.f. �7m�y℄# Γ-Lie ~�/�, Y, F")a9m�y℄# Γ-Lie ~�, G19#
Γ-Lie ~�v1. t�, y/� Γ

M  /� Γ
Ml.f. "n8F�, �7Q Loc, 
��Qm�y℄F�.;C 1 2 Γ 9n8 Lie ~�>, 	m�y℄F� Loc: Γ

M →Γ
Ml.f. 9�EF�

ι :Γ Ml.f. →
Γ

M "n8z�D, Y, ��-X"�1:

HomΓM(ι(P ), M) ≃ HomΓMl.f .

(P, Loc(M)).R: 2
F : HomΓM(ι(P ), M) → HomΓMl.f .

(P, Loc(M)), f 7→ F (f) = Loc(f),

G : HomΓMl.f .

(P, Loc(M)) → HomΓM(ι(P ), M)), f 7→ G(f) = if,�| i : Loc(M) →֒ M �7�'#.v1. ��
Æ: FG = idHomΓMl.f .

(P,Loc(M)), GF =

idHomΓM
(ι(P ),M),  � idHomΓM

(ι(P ),M) : HomΓM(ι(P ), M)→HomΓM(ι(P ), M) �7M$v1.
�.

2 Lie M=3>S2-5J7 1 2 V J W qQ# Γ-Lie ~�, -C(s
ρ : V ⊗ W → Γ ⊗ V ⊗ W, v ⊗ w 7→ Σ[v(−1) ⊗ v(0) ⊗ w + w(−1) ⊗ v ⊗ w(0)],	 V ⊗W 9n8# Γ-Lie~�, �| ρV (v) = Σv(−1)⊗v(0) ∈ Γ⊗V , ρW (w) = Σw(−1)⊗w(0) ∈

Γ ⊗ W 3	9 V J W " Lie ~�f;v1.
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��: Lie��K LieA�?#<�R: Z ρ(v ⊗ w) = Σ(v ⊗ w)(−1) ⊗ (v ⊗ w)(0), 	
Σ[(v ⊗ w)(−1) ⊗ (v ⊗ w)(0)(−1) ⊗ (v ⊗ w)(0)(0) − (v ⊗ w)(0)(−1) ⊗ (v ⊗ w)(−1) ⊗ (v ⊗ w)(0)(0)]

= Σ[v(−1) ⊗ (v(0) ⊗ w)(−1) ⊗ (v(0) ⊗ w)(0) − (v(0) ⊗ w)(−1) ⊗ v(−1) ⊗ (v(0) ⊗ w)(0)

+ w(−1) ⊗ (v ⊗ w(0))(−1) ⊗ (v ⊗ w(0))(0) − (v ⊗ w(0))(−1) ⊗ w(−1) ⊗ (v ⊗ w(0))(0)]

= Σ[v(−1) ⊗ v(0)(−1) ⊗ v(0)(0) ⊗ w + v(−1) ⊗ w(−1) ⊗ v(0) ⊗ w(0) − v(0)(−1) ⊗ v(−1) ⊗ v(0)(0)

⊗ w − w(−1) ⊗ v(−1) ⊗ v(0) ⊗ w(0) + w(−1) ⊗ v(−1) ⊗ v(0) ⊗ w(0) + w(−1) ⊗ w(0)(−1) ⊗ v

⊗ w(0)(0) − v(−1) ⊗ w(−1) ⊗ v(0) ⊗ w(0) − w(0)(−1) ⊗ w(−1) ⊗ v ⊗ w(0)(0)]

= Σ[v(−1) ⊗ v(0)(−1) ⊗ v(0)(0) ⊗ w − v(0)(−1) ⊗ v(−1) ⊗ v(0)(0) ⊗ w + w(−1) ⊗ w(0)(−1) ⊗ v

⊗ w(0)(0) − w(0)(−1) ⊗ w(−1) ⊗ v ⊗ w(0)(0))]

= Σ[v(−1)i ⊗ v(−1)j ⊗ v(0) ⊗ w + w(−1)i ⊗ w(−1)j ⊗ v ⊗ w(0)]

= Σ(v ⊗ w)(−1)i ⊗ (v ⊗ w)(−1)j ⊗ (v ⊗ w)(0),= V ⊗ W 9# Γ-Lie ~�. 
�.2 Γ 9n8 Lie ~�>, 	MD~�D~$w ∆ : Γ → Γ⊗ Γ, Γ 9n8# Γ-Lie ~�, t�, xuz 1, yE9 1 2 Γ 9n8 Lie ~�>, 	MD-X"~�D~$w, Γ ⊗ Γ 9# Γ-Lie ~�
ρ : Γ ⊗ Γ → Γ ⊗ Γ ⊗ Γ, x ⊗ y 7→ Σ[xi ⊗ xj ⊗ y + yi ⊗ x ⊗ yj].-C W 9# Γ-Lie ~�, 	xuz 1, W ⊗ W l9# Γ-Lie ~�, f;v1Q

ρ : W ⊗ W → Γ ⊗ W ⊗ W, ρ(v ⊗ w) = Σ[v(−1) ⊗ v(0) ⊗ w + w(−1) ⊗ v ⊗ w(0)].2 τ : W ⊗ W → W ⊗ W 9n8�&v1, 	��
Æ τ �i9 Lie ~�"n8N;+%l9)L" (τ2 = I).2 W+ = {s ∈ W ⊗ W |τ(s) = s}, W− = {s ∈ W ⊗ W |τ(s) = −s}, 	��# Γ-Lie ~�"�J3g
W ⊗ W = W+ ⊕ W−.840, x} τ 9# Γ-Lie ~�v1, Eo ρ(W+) ⊆ Γ ⊗ W+, ρ(W−) ⊆ Γ ⊗ W−. Z',

W+ J W− q9# Γ-Lie ~�. t�, y;C 2 2 W 9n8# Γ-Lie ~�, 	�� Lie ~�"�J3g
W ⊗ W = W+ ⊕ W−.+I 2 2 Γ 9n8oy Lie ~�, ∆ " Lie ~�>, -C��n82�^ev1

ε : Γ → k, 5! (ε ⊗ I)∆ = 0, 	� ε Q Γ "n8 Lie ~�T.V 1 2 Γ 9n8 Lie ~�>, oy Lie ~�T ε, 	x (Γ1)′ Æ (I ⊗ ε)∆ = 0, t�, )*q f ∈ Γ∗, f ∗ ε = 0 = ε ∗ f , Y, ε 9 Γ∗ "�O�, �| Γ∗ �7 Γ ")�`�v_.8 2 (1) 2 C 9n8~�>, oy~�, ∆C , 	�8fL" Lie ~�>  Lc(C) yn8
Lie ~�T εC ,  � εC 9 C "~�T, Y (εC ⊗ I)∆C = I = (I ⊗ εC)∆C .

(2) 2 H = U(L) 9 Lie �> L "0���>, 	 H 9n8 Hopf �>, oy-Xf;:

SH(x) = −x,

∆H(x) = 1 ⊗ x + x ⊗ 1, εH(x) = 0.
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�Asg A W: ?g & 38 p & 3 �t�, {�"fL Lie ~�>  Lh(H) "f;9�-", Y)*q x ∈  Lh(H), ∆(x) = 0, =)*q2�^ev1 ε : H → k, ε 9  Lh(H) "n8 Lie ~�T.�l���y Lie ~�T" Lie ~�>.

(3) 2 R �7n84>�, w Re1 ⊕ Re2 ⊕ Re3 �7 3 R Euclid v_ E3,  �
e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1).2 (E3)∗ �7 E3 ")�v_, (s

∆ : (E3)∗ → (E3)∗ ⊗ (E3)∗,

e1 7→ e2 ⊗ e3 − e3 ⊗ e2, e2 7→ e3 ⊗ e1 − e1 ⊗ e3, e3 7→ e1 ⊗ e2 − e2 ⊗ e1, � {e1, e2, e3} �7)�T, 	xU\ [1] Æ (E3)∗ 9n8 Lie ~�>. � (E3)∗ �y Lie ~�T.-C ε 9 (E3)∗ " Lie ~�T, 	)�C e1,

0 = Σε((e1)i)(e
1)j = ε(e2)e3 − ε(e3)e2.}9 ε(e2) = ε(e3) = 0. yB%, uo
Æ ε(e1) = ε(e3) = 0, = ε = 0, 
*.2 Γ 9n8oy Lie ~�T ε " Lie ~�>, M 9n8oy Lie ~f; ρM "# Γ-Lie~�.(s

Φ : M → M, m 7→ Σε(m(−1))m(0),Y Φ(m) = (ε ⊗ I)ρM (m), oN, w (ε ∗ I)(m) �7 Σε(m(−1))m(0), t�, Φ(m) = (ε ∗ I)(m).+7 1 2 Γ Qoy Lie ~�T ε " Lie ~�>, 	)*q# Γ-Lie ~� M, ���J3g
M = M+ ⊕ M−�%i� Φ2 = I, Y ε ∗ (ε ∗ I) = I,  � M+ = {m ∈ M |Φ(m) = m}, M− = {m ∈ M |Φ(m) =

−m}.R: (1) Φ 9# Γ-Lie ~�v1.840, )*q m ∈ M,

ρM Φ(m) = Σε(m(−1))ρM (m(0)) = Σε(m(−1))m(0)(−1) ⊗ m(0)(0)

= Σ[ε(m(−1)i)m(−1)j ⊗ m(0) + ε(m(0)(−1))m(−1) ⊗ m(0)(0))]

= Σε(m(0)(−1))m(−1) ⊗ m(0)(0) (ε9 Lie ~�T)

= (I ⊗ Φ)ρM (m).

(2) M+ J M− qQ M "# Γ-Lie �~�.x (1), F"
Æ9Z'".

(3) M = M+ ⊕ M− �%i� Φ2 = I.840, -C Φ2 = I, 	)*q x ∈ M, � y = 1
2 (x + Φ(x)), z = 1

2 (x − Φ(x)), uo
Æ
x = y + z, 
% y ∈ M+, z ∈ M−, = M = M+ ⊕ M−..�, 
Æ9Z'". 
�.
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��: Lie��K LieA�?#<�2 (E3)∗ �7} 2(3) �" Lie ~�>, H = U(E3) 9n80���>. (s
ρ : (E3)∗ →  Lh(H) ⊗ (E3)∗, ei 7→ ei ⊗ ei, i = 1, 2, 3,�|  Lh(H) �7} 2 �"fL Lie ~�>, 	��
Æ (E3)∗ 9#  Lh(H)-Lie ~�, t�

(E3)∗ 9U\ [6] �"n8#  Lh(H)- ~� Lie ~�>.2 ε : H = U(E3) → k, e1 7→ 1, e2 7→ −1, e3 7→ −1, 	:n} 2, ε 9  Lh(H) " Lie ~�T, 
% Φ2(ei) = ei, i = 1, 2, 3, Y Φ2 = I.t�yE9 2 2 (E3)∗ 9)� Lie ~�>, H = U(E3), � ε : U(E3) → k, e1 7→ 1, e2 7→

−1, e3 7→ −1, 	��#  Lh(H)-Lie ~��J3g
(E3)∗ = (E3)∗+ ⊕ (E3)∗−,�|  Lh(H) �7fL Lie ~�>, ���3g�9 Lie ~�>"�J3g.

3 Lie B(�*/P+I 3 2 (L, [·, ·]) 9 Lie �>, (L, ∆) 9 Lie ~�>, -C)*q x, y ∈ L,

(LB) ∆[x, y] = x · ∆(y) − y · ∆(x),	� (L, [·, ·], ∆) 9 Lie ��>, �|$w “ · ” �-X(s:

x · (a ⊗ b) = [x, a] ⊗ b + a ⊗ [x, b].2 (L, [·, ·], ∆) 9n8 Lie ��>, -C��n8�C r ∈ Im(I − τ) ⊆ L⊗L, 5!)*q
x ∈ L,

∆(x) = x · r,	� (L, [·, ·], ∆, r) Q~�� Lie ��>.2 (L, [·, ·], ∆, r) 9n8~�� Lie ��>, -C�C r 	 -Xk' Yang-Baxter 1�:

[r12, r13] + [r12, r23] + [r13, r23] = 0,	� (L, [·, ·], ∆, r)9U\ [3]�"n8/d Lie��>. �| r = Σai⊗bi, [r12, r13] = Σ[ai, aj ]⊗

bi ⊗ bj, [r12, r23] = Σai ⊗ [bi, ak] ⊗ bk, [r13, r23] = Σaj ⊗ ak ⊗ [bj , bk].;C 3 2 (Γ, ∆) 9 Lie ~�>, -C��n82�^ev1 η : Γ ⊗ Γ → k, 5!
η = −ητ, Y, η 9.)�", 	:nX
v1"L�:

[·, ·] : Γ ⊗ Γ
∆⊗I+(τ⊗I)(I⊗∆)

−→ Γ ⊗ Γ ⊗ Γ
I⊗η
−→ Γ,Y

[·, ·] : Γ ⊗ Γ → Γ, x ⊗ y 7→ Σ[xiη(xj , y) + yiη(x, yj)],y-Xf�:

(1) Ker(I − τ) ⊆ Ker[·, ·].

(2) ∆[x, y] = x · ∆(y) − y · ∆(x),  � x · ∆(y) = Σ[x, yi] ⊗ yj + yi ⊗ [x, yj ].R: (1) )*q r ∈ Ker(I − τ) ⊆ Γ ⊗ Γ, (I − τ)(r) = 0.Z r = Σr′ ⊗ r′′, 	 Σr′ ⊗ r′′ = Σr′′ ⊗ r′, t�,

Σ[r′, r′′] = Σ[r′iη(r′j , r
′′) + r′′i η(r′, r′′j )]
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�Asg A W: ?g & 38 p & 3 �
= Σ[r′′i η(r′′j , r′) + r′′i η(r′, r′′j )]

= Σ[−r′′i η(r′, r′′j ) + r′′i η(r′, r′′j )]

= 0,}9 (1) �~.

(2) xO� 1, Γ ⊗ Γ 9n8# Γ-Lie ~�, F"f;v1Q
ρ(x ⊗ y) = Σ[xi ⊗ xj ⊗ y + yi ⊗ x ⊗ yj ],t�

∆[x, y] = Σ∆[(I ⊗ η)(xi ⊗ xj ⊗ y + yi ⊗ x ⊗ yj)]

= (I ⊗ I ⊗ η)(∆ ⊗ I)ρ(x ⊗ y)

= (I ⊗ I ⊗ η)[(I ⊗ ρ)ρ(x ⊗ y) − (τ ⊗ I)(I ⊗ ρ)ρ(x ⊗ y)]

= Σ[xi ⊗ xjiη(xjj , y) + yi ⊗ yjiη(x, yjj) − xji ⊗ xiη(xjj , y) − yji ⊗ yiη(x, yjj)

= Σ[−xi ⊗ xjiη(y, xij) + yi ⊗ yjiη(x, yjj) − xii ⊗ xjη(y, xjj) + yii ⊗ yjη(x, yij)]

(Γ1′, η = −ητ)

= Σ[xiη(xj , yi) ⊗ yj + yiiη(x, yij) ⊗ yj + yi ⊗ xiη(xj , yj)
︸ ︷︷ ︸

+yi ⊗ yjiη(x, yjj)

− yiη(yj , xi) ⊗ xj
︸ ︷︷ ︸

−xiiη(y, xij) ⊗ xj − xi ⊗ yiη(yj , xj) − xi ⊗ xjiη(y, xjj)]

(Γ1′, η = −ητ)

= x · ∆(y) − y · ∆(x).
�.X
, 9��U"n8�kfC:+7 2 2 (Γ, ∆) 9n8 Lie ~�>, -C��n8�C t ∈ Γ oX�8^eW>�C
u, v ∈ Γ∗, 5!)*q x ∈ Γ,

(I ⊗ u)∆(x) = u(x)t,

(I ⊗ v)∆(x) = v(x)t,
) η = u ⊗ v − v ⊗ u, 	x�J 3 E(s" [·, ·], (Γ, ∆, [·, ·]) 9n8 Lie ��>.�qv1 η 	 uVLa: [η12, η13 + η23] = 0. 5La�[�U\ [8] >} Knizhnik-

Zamolodchikov 1�"il�.R: Q
Æ (Γ, ∆, [·, ·]) 9n8 Lie ��>, :n�J 3, �k
Æ (Γ, [·, ·]) 9n8 Lie�>.840, )*q x, y ∈ Γ,

[x, y] = Σ[xiη(xj , y) + yiη(x, yj)]

= Σ[xiu(xj)v(y) − xiv(xj)u(y) + yiu(x)v(yj) − yiv(x)u(yj)]

= 2u(x)v(y)t − 2v(x)u(y)t,t�, )*q x, y, z ∈ Γ,

[x, [y, z]] = 4(u(x)v(t)u(y)v(z) − v(x)u(t)u(y)v(z) − u(x)v(t)v(y)u(z) + v(x)u(t)v(y)u(z))t,
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[y, [z, x]] = 4(u(y)v(t)u(z)v(x) − v(y)u(t)u(z)v(x) − u(y)v(t)v(z)u(x) + v(y)u(t)v(z)u(x))t,

[z, [x, y]] = 4(u(z)v(t)u(x)v(y) − v(z)u(t)u(x)v(y) − u(z)v(t)v(x)u(y) + v(z)u(t)v(x)u(y))t.}9 [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0, = (Γ, [·, ·]) 9n8 Lie �>.�P, :n(s 3,

[η12, η13] = [u, u]⊗v⊗v−[u, v]⊗v⊗u−[v, u]⊗u⊗v+[v, v]⊗u⊗u = −[u, v]⊗v⊗u−[v, u]⊗u⊗v;

[η12, η23] = u⊗[v, u]⊗v−u⊗[v, v]⊗u−v⊗[u, u]⊗v+v⊗[u, v]⊗u = u⊗[v, u]⊗v+v⊗[u, v]⊗u.x} (Γ, ∆) 9n8 Lie ~�>, Eo)�v_ Γ∗ 9n8 Lie �>, F"xV [·, ·] "Gx
∆∗ 9�.p
: )*q u, v ∈ Γ∗, [u, u] = 0; |)*q x ∈ Γ,

〈[u, v], x〉 = u(t)v(x), 〈[v, u], x〉 = v(t)u(x).840,

〈[u, v], x〉 = 〈u ⊗ v, ∆(x)〉 = Σu(xi)v(xj)

= u(Σxiv(xj)) = u(v(x)t) (I ⊗ v)∆(x) = v(x)t

= u(t)v(x).yB%, uo
Æ 〈[v, u], x〉 = v(t)u(x). t�, )*q x, y, z ∈ Γ,

〈[η12, η13] + [η12, η23], x ⊗ y ⊗ z〉

= −〈[u, v], x〉v(y)u(z) − 〈[v, u], x〉u(y)v(z) + u(x)〈[v, u], y〉v(z)

+ v(x)〈[u, v], y〉u(z)

= −u(t)v(x)v(y)u(z) − v(t)u(x)u(y)v(z) + u(x)v(t)u(y)v(z) + v(x)u(t)v(y)u(z)

= 0,Y [η12, η13 + η23] = 0. 
�.8 3 (1) 2 (E3)∗ 9} 2 �")� Lie ~�>, oy-X" Lie ~�,:

∆(e1) = e2 ⊗ e3 − e3 ⊗ e2,

∆(e2) = e3 ⊗ e1 − e1 ⊗ e3,

∆(e3) = e1 ⊗ e2 − e2 ⊗ e1.(s-X"v1 η : (E3)∗ ⊗ (E3)∗ → k:

η(ei, ei) = 0, i = 1, 2, 3,

η(e1, e2) = η(e1, e3) = η(e2, e3) = p 6= 0,

η(e2, e1) = η(e3, e1) = η(e3, e2) = −p.Z', η = −ητ. X
, x�J 3 E(s" [·, ·] ;�n8 Lie ��>.��
Æ
[e1, e2] = −p(e1 + e2) = −[e2, e1],

[e2, e3] = p(e2 + e3) = −[e3, e2],

[e1, e3] = p(e1 − e3) = −[e3, e1].
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[e1,[e2, e3]] + [e2, [e3, e1]] + [e3, [e1, e2]]

= [e1, p(e2 + e3)] + [e2, p(e3 − e1)] + [e3,−p(e1 + e2)]

= 2p([e1, e3] + [e1, e2] + [e2, e3])

= 2p(−pe3 + pe1 − pe2 − pe1 + pe3 + pe2) = 0.~X"�3uoyB
Æ, }9 (E3)∗ 9n8 Lie �>, t�x�J 3 Æ: (E3)∗ 9n8
Lie ��>.

(2) 2 Γ 9n8o {x, y} QT"`�v_, (s
∆(x) = 0, ∆(y) = y ⊗ x − x ⊗ y,	��
Æ (Γ, ∆) 9n8 Lie ~�>.2 η : Γ ⊗ Γ → k, x ⊗ x 7→ 0, y ⊗ y 7→ 0, x ⊗ y 7→ −1, y ⊗ x 7→ 1, 	 η = −ητ.x�J 3 E(s" [·, ·], uo
Æ

[x, x] = 0, [y, y] = 0, [x, y] = x, [y, x] = −x,t� (Γ, [·, ·]) 9n8 Lie �>, }9x�J 3 Æ: (Γ, ∆, [·, ·]) 9n8 Lie ��>.� r = x ⊗ y − y ⊗ x ∈ Γ ⊗ Γ, 	
x · r = x · (x ⊗ y − y ⊗ x) = x · (x ⊗ y) − x · (y ⊗ x)

= [x, x] ⊗ y + x ⊗ [x, y] − [x, y] ⊗ x − y ⊗ [x, x]

= 0 = ∆(x).yB%, uo
Æ y · r = ∆(y), t� (Γ, ∆, [·, ·]) 9n8~�� Lie ��>.)�C r = x ⊗ y − y ⊗ x, y
[r12, r13] = [x, x] ⊗ y ⊗ y − [x, y] ⊗ y ⊗ x − [y, x] ⊗ x ⊗ y + [y, y] ⊗ x ⊗ x

= x ⊗ x ⊗ y − x ⊗ y ⊗ x,

[r12, r23] = y ⊗ x ⊗ x − x ⊗ x ⊗ y,

[r13, r23] = x ⊗ y ⊗ x − y ⊗ x ⊗ x.t� [r12, r13]+ [r12, r23]+ [r13, r23] = 0,= r 9k' Yang-Baxter1�"g, (Γ, ∆, [·, ·], r)9/d Lie ��>.8 4 2 R 9n84>�, Γ = ⊕∞
i=1Rti 9xu>8�C {ti}

∞
i=1 3�"W℄R`�v_, -C(s

∆ : Γ → Γ ⊗ Γ,

∆(tk) = t1 ⊗ tk − tk ⊗ t1, k = 1, 2, 3, . . . ,	��
Æ (Γ, ∆) 9n8 Lie ~�>.

(1)2 u : Γ → k, t1 7→ 0, t2 7→ p (6= 0), t3 7→ q (6= 0,±p), . . . ; v : Γ → k, t1 7→ 0, t2 7→ q, t3 7→

p, . . . , 	)*q tk ∈ Γ,

(I ⊗ u)∆(tk) = u(tk)t1,

(I ⊗ v)∆(tk) = v(tk)t1.
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��: Lie��K LieA�?#<�� η = u ⊗ v − v ⊗ u, 	:n(z 2, (Γ, ∆, [·, ·]) 9n8 Lie ��>,  � [ti, tj ] =

Σ(2u(ti)v(tj)t1 − 2v(ti)u(tj)t1).

(2) 2 ũ : Γ → k, t1 7→ 0, t2 7→ p (6= 0), t3 7→ q (6= 0,±p), ti 7→ 0 (i = 4, 5, . . .); ṽ : Γ →

k, t1 7→ 0, t2 7→ q, t3 7→ p, ti 7→ 0 (i = 4, 5, . . .), 	p
 (Γ, ∆, [·, ·]) 9n8 Lie ��>, �F�9~�� (/d)Lie��>. �9tQ)*q r ∈ Γ⊗Γ, t4 ∈ Γ, ∆(t4) = t1⊗t4−t4⊗t1 6= 0 = t4 ·r.8 5 2 Γ = span{H, X, Y } 9n8 Lie ~�>, F" Lie ~��,Q
∆(H) = 0, ∆(X) =

1

2
(X ⊗ H − H ⊗ X), ∆(Y ) =

1

2
(Y ⊗ H − H ⊗ Y ).-C���8^eW>�C u, v ∈ Γ∗, u(H) = 0 = v(H), 
� η = u ⊗ v − v ⊗ u, 	x�J 3E(s" [·, ·], (Γ, ∆, [·, ·], r = 1

2p−1(X⊗Y −Y ⊗X)+a(H⊗X−X⊗H)+b(H⊗Y −Y ⊗H))9~�� Lie ��>, ��9/d Lie ��>.840, -C2 t = − 1
2H , 	)*q m ∈ Γ,

(I ⊗ u)∆(m) = u(m)t; (I ⊗ v)∆(m) = v(m)t.t�:n(z 2, (Γ, ∆, [·, ·]) 9 Lie ��>, F"xV [·, ·] Q
[H, X ] = 0 = [X, H ], [H, Y ] = 0 = [Y, H ],

[X, Y ] = v(X)u(Y )H − u(X)v(Y )H = pH = −[Y, X ].)0
" Lie ��> Γ, ;�Ey"~�� Lie ��>.2 r = c(X ⊗ Y − Y ⊗X) + a(H ⊗X −X ⊗H) + b(H ⊗ Y − Y ⊗H) ∈ Im(I − τ), 	��
Æ
H · r = 0, X · r = pc(X ⊗ H − H ⊗ X), Y · r = pc(Y ⊗ H − H ⊗ Y ).t�, x(s 3 Æ: ∆(H) = 0 = H · r, ∆(X) = X · r �%i� cp = 1

2 , ∆(Y ) = Y · r �%i� cp = 1
2 .= (Γ, ∆, [·, ·], r = c(X ⊗ Y − Y ⊗ X) + a(H ⊗ X − X ⊗ H) + b(H ⊗ Y − Y ⊗ H)) 9~�� Lie ��>�%i� cp = 1

2 .}9 (Γ, ∆, [·, ·], r = 1
2p−1(X ⊗ Y − Y ⊗ X) + a(H ⊗ X − X ⊗ H) + b(H ⊗ Y − Y ⊗ H))9~�� Lie ��>.� r = H ⊗ X − X ⊗ H S r = H ⊗ Y − Y ⊗ H , 	

[r12, r13] = [r12, r23] = [r13, r23] = 0.2 r = X ⊗ Y − Y ⊗ X , 	,p
Æ
[r12, r13] + [r12, r23] + [r13, r23] = p(H ⊗ X ⊗ Y − H ⊗ Y ⊗ X − X ⊗ H ⊗ Y

+ Y ⊗ H ⊗ X + X ⊗ Y ⊗ H − Y ⊗ X ⊗ H) 6= 0,t�, )�C r = 1
2p−1(X ⊗ Y − Y ⊗ X) + a(H ⊗ X − X ⊗ H) + b(H ⊗ Y − Y ⊗ H),

[r12, r13] + [r12, r23] + [r13, r23] 6= 0,= (Γ, ∆L, [·, ·], r = 1
2p−1(X ⊗ Y − Y ⊗ X) + a(H ⊗X −X ⊗H) + b(H ⊗ Y − Y ⊗H)) �9/d Lie ��>.TF ��{de�vz�lb��n	. \�b℄dh�|��

�[g� Ciudad`�wm�^b.
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