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�d*W A �: �W 8 38 % 8 5 a�wZ. �;1 Wronskian N>�"℄=a�n)�wZK��n��1JF, wo?3E�1 “i?g<9”. CAroI3E, 4HQ_�o?3E�n.1 Wronskian N>��N�k1*b. �a*bo Kolchin�3= [15, p. 86, Th. 1] �Y�. � Kolchin1�E�, .=r<(p;X-(1-Mx�1 nXy�
O�
��x{?P�a, -t1kMQ_��&} n!(n + 1)!/2n XN>�. �3R�=�X�f, -B�Q_�� n2 − 2n + 2 XN>�.�a�f&&Ær=��.4H� Maple z���<=�F�|fÆL=aHoI<3. ��� 
>1g��,^-MkMu�-MkM1�_���r�^-MkM�
=,�P%�,��0�� 
>���<&&�
. .=ÆL[P�1oI<3, 4HQ_Y�[pG1��^-MBC� 
>1�F.

2 Wu-Ritt f|S?=����}-M)�l 
>JF1aHy�SYe��Q_1�f. A91�},�)3= [4] �3= [15, 16] 17a�. -Mx
o)�x F e�<h�
{I1p>X-M-( ∆ = {δi, i = 1, . . . , m} ,�, jArtg1 a, b ∈ F , �H-(F+w:%�:

(i) δi(a + b) = δia + δib;

(ii) δi(ab) = bδia + aδib;

(iii) Artg1 i l j, δj(δia) = δi(δja).A Θ .o ∆ ��1)o�vh1�s, � Θ �1y�.-M�(. Θ �1tay� θ$p ∏

δki

i M�. 4H��� ∑

ki . θ 1�, �. ord(θ). A E l F .;-Mx. wf
F ⊆ E �j,� E �1-M�(>�. F {, �Hu F �1�(
�v1, �� F . E1(x, E �.x F 1/x. �3A F .ar�< u l v ��H1-M�( ∂/∂uu ∂/∂v1p3i�x R(u, v), 
� R 
��x. .J�e�, Artg1LQ�� i l j, n ∂i,j 0�
 ∂i+j

∂ui∂vj . A x1, . . . , xn .0<y. 7�� F �ar�< ∂i+jxk

∂ui∂vj 1BC� P �.ar
x1, . . . , xn 1-MBC�. �ar x1, . . . , xn 1-MBC�1�o. F{x1, . . . , xn} = F{X}.

F{X} 1L.(� I �. F{X} 13B, wfArtg1 f, g ∈ I, h ∈ F{X}, p f + g ∈ I,

fg ∈ I, hf ∈ I, ∂g/∂u j ∂g/∂v ∈ I. 3B I �. F{X} 1Z3B, wfAtg1 f ∈ F{X}l
�� n, fn ∈ I g1& f ∈ I. A S . F{X} �1L.(�, �h S 1-F3B I �.o S ��13B, �. Ideal(S). ��{, Ideal(S) o S �1-MBC�l�H^-1?P,o_�. 4Hn {S} �
o S ��1Z3B.8v 1 (x1, . . . , xn) 1S
� ΘX = {θxi, i = 1, 2, . . . , n, θ ∈ Θ} {1aXqS, 
F+: Artg1 u ∈ ΘX l ∂ ∈ ∆, p ∂u > u, �jArtg1 u, v ∈ ΘX, ∂ ∈ ∆, o u > v ,0 ∂u > ∂v.4H� ΘX �1y�.-M. Z# Dickson j3, tgSb#:�1-MS>
p>1.ArY<1 (x1, . . . , xn) 1S, 4Hn u < v �
 u 1S	 v 1S5, x� v 1S	 u 1SU, 
� u, v ∈ ΘX .� 1 �3� ΘX = {∂i,jxk, k = 1, 2, . . . , n; i, j .LQ��} {�a�[n:I1Sa7, 
� ∂i,j = ∂i+j

∂ui∂vj . ∂i1,j1xk1
> ∂i2,j2xk2

, wf�F+:I1%��a:

(a) xk1
> xk2

;
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Nxm4:zs!�?KGmWronskianO?	2pJ=4}g�M
(b) xk1

= xk2
j i1 + j1 > i2 + j2;

(c) xk1
= xk2

, i1 + j1 = i2 + j2 j i1 > i2.8v 2 A P . F{X} �1-MBC�. P 1�C.� P ��<1S-U1-M, �. LP . wf� P (/ar�C1*�<BC�, � P 1�C7��. P 1�7, �. IP .

P 1W2(. ∂P/∂LP , �. SP .Z#{I1<h, Ar-MBC� P ∈ F{X}, ,e� P I.:I1Æ$M�:

P = IP Ld
P + I1L

d−1
P + · · · + Id,

P 1W2(.
∂P/∂LP = dIP Ld−1

P + (d − 1)I1L
d−2
P + · · · + Id−1.8v 3 Ar F{X} �1-MBC� P l Q, P 1S	 Q 1SU, �. P ≻ Q, wf

LP > LQ; x LP = LQ + deg(P, LP ) > deg(Q, LP ). wf P ≻ Q ��8, '� P ≺ Q `��8, �� P l Q 1S�,	, �. P ∼ Q.� 2 hp0<y1-MBC�1Sl{Ur�hptn0<y1-MBC�1S.Ar F{X} �1-MBC� P l Q, P �.ar Q 
�M}r1, wf�%��&r�1-M�( θ, �0 θ(LQ) �<� P �. P �.ar Q 
}r1, wf P ar Q 
�M}r1j deg(P, LQ) < deg(Q, LQ). -MBC� P �.ar-MBC�� P 
 (�M) }r1,wf�ar P �1taBC�
 (�M) }r1. F{X} 1(� P �.�>, wf P = {f},
� f ∈ F , x�tg P �1y�&��r F j P �1y�,���SZ�p>1S>,�0Ga-MBC�arS	�51-MBC�?
}r1.8v 4 A A = {A1, A2, . . . , Ar} l B = {B1, B2, . . . , Bs} . F{X} �1;�>,

A1 ≺ A2 ≺ · · · ≺ Ar; B1 ≺ B2 ≺ · · · ≺ Bs.wf:I1%��a�8, � A �.$p	 B 51S:

(i) %� k 6 min{r, s}, �0 Ai ∼ Bi, 
� 1 6 i 6 k − 1, j Ak ≺ Bk;

(ii) r > s �j Ai ∼ Bi, Artg1 i 6 s �8.f� F �1y�$p-51S, j<h 4 jy=�>
1^Sa7.\g 1 (��3= [16, p. 3] x3= [15, p. 77]) tgoSb#�51�>1,�1S>
p>1.O# 1 �ÆAr-MBC�� P ⊂ F{X}, 4H*V�p>�U�.�> A ⊆ P, �1S�Ur P �
t�>. 4H�"�>. P 1 
>. arn-MBC��1 
>1�Fl�)3= [2, 12]. �5��Y�A91��. �:04H�Y� 
>JF��_1t�^� (��3= [16, p. 165] x3= [2, 7, 12]).8M 1 A A : A1 ≺ A2 ≺ · · · ≺ Ar .a�>. Artg1 F{X} \ F �1-MBC�
P , %�LQ�� sk l tk (k = 1, . . . , r), -M�( ∂τi,j

∈ Θ l-MBC� Cτi,j
∈ F{X}, �0

R = Ss1

1 · · ·Ssr

r It1
1 · · · Itr

r P −
∑

i,j

Cτi,j
∂τi,j

Ai (1)ar A 
}r1, 
� Si l Ii M�. Ai 1W2(l�7.<3�1^��. P ar A 1t�^�. � (1) ��1 R . Prem(P, A).
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�d*W A �: �W 8 38 % 8 5 aP 1 A P = x∂1,1y − y . F{x, y} �1-MBC�, 
� F = R(u, v). A y > x j[n" 1 �1-MSa7, � A = {y∂0,1y − x, x∂1,0y + y} . F{x, y} �1�>.� A1 = x∂1,0y + y, A2 = y∂0,1y − x. i.
∂0,1A1 = ∂0,1x∂1,0y + x∂1,1y + ∂0,1y,

P = x∂1,1y − y = ∂0,1A1 − ∂0,1x∂1,0y − ∂0,1y − y,�ep
xP = x∂0,1A1 − x∂0,1x∂1,0y − x∂0,1y − xy

= x∂0,1A1 − (A1 − y)∂0,1x − x∂0,1y − xy

= x∂0,1A1 − A1∂0,1x + y∂0,1x − x∂0,1y − xy.i. A2 = y∂0,1y − x, p
xyP = xy∂0,1A1 − yA1∂0,1x + y2∂0,1x − xy∂0,1y − xy2

= xy∂0,1A1 − yA1∂0,1x + y2∂0,1x − x(A2 + x) − xy2

= xy∂0,1A1 − yA1∂0,1x + y2∂0,1x − xA2 − x2 − xy2

= xy∂0,1A1 − yA1∂0,1x − xA2 + y2∂0,1x − x2 − xy2,�e
y2∂0,1x − x2 − xy2 = xyP − xy∂0,1A1 + yA1∂0,1x + xA2
 P ar A 1t�, � Prem(P, A) = y2∂0,1x − x2 − xy2.Ar-MBC�� P, Q ⊂ F{X} = F{x1, . . . , xn}, A

Zero(P) = {z ∈ E
n|∀P ∈ P, P (z) = 0}.-MBC�� P � E n �1�91�o, 
� E . F 1/x, �

Zero(P) = Zero(Ideal(P)) = Zero({P}).A
Zero(P/Q) = Zero(P)\

⋃

Q∈Q

Zero(Q).:I
�3�Q_1 Wu-Ritt M�<3 [4].8M 2 Arp>1-MBC�� A ⊆ F{X}, %��F, 
�p>�UY�p>X�> Ci, �0
Zero(A) =

s
⋃

i=0

Zero(Ci/ISi),
� ISi . Ci 1�7lW2(1��.��-MBC�1 
>1�FRhd��BX�Vz���<, 	wWsolve, Maple�1 diffalg�, Aldor3.�3�n diffalg0��-MBC��1 
>. diffalg�1 “Rosenfeld

Groebner” OA�-MZ3BM��, 
r1-M3B1�, �H-M3Bo 
>�
 [17]. OA “reduced form(P, {P})” ��� P �PZ3B {P} :1}rM�, 
3�r��t�. i"4H�n reduced form 0��t�.:I1�F�Y�-M�n<3|fÆL1y�z3.
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Nxm4:zs!�?KGmWronskianO?	2pJ=4}g�M8v 5 ^�
∀x1, . . . , xn, [(H1 = 0 ∧ · · · ∧ Hr = 0 ∧ D1 6= 0 ∧ · · · ∧ Dt 6= 0) ⇒ S = 0]�.3�L1��, 
� Hi (i = 1, . . . , r), Di (i = 1, . . . , t) . F{X} �1-MBC�j S 


F{X} 1p>�o. � H = {H1, . . . , Hr} .%�-MBC��, � S .�E-MBC��.

D = {D1, . . . , Dt} &��.+r%�.8v 6 �3�L1��� F 1/x E �

r1, wf
∀(x1, x2, . . . , xn) ∈ E

n, [(H1 = 0 ∧ Hr = 0 ∧ D1 6= 0 ∧ · · · ∧ Dt 6= 0) ⇒ S = 0].���.
`

r1, wf�� F 1tg/x{?

r1. �5 S = 0 
� S �1-MBC���9� Zero(H \ D) {r�, � Zero(H \ D) ⊆ Zero(S)."g.Ar 	> Ce�-MBC� P ,wf Prem(P, C) = 0� Zero(C\ISi) ⊆ Zero(P ).o"4Hp:I1�F:d; 1 r<3�L1��
O`

r.

1. Z#<3 2, 4H,e��
Zero(H/D) =

s
⋃

i=0

Zero(Ci/{ISi, D}).

2. wf s=0xArtg1 i=1, . . . , sp Prem(S, Ci)=0,�3�L1��
`

r1.

3 HsjpkBp7 Wronskian oS
��M�R�3= [15, p. 86, Th. 1] � Kolchin 1�f. A Θ(s) = {θ ∈ Θ, ord(θ) 6 s}.� F 1��x. C . Kolchin ÆL=:I1<3,*b=arWronskian N>�1�;�f:8M 3
[15] A ηj = (ηj,1, . . . , ηj,r) (1 6 j 6 n) . F r �1y�. wf�H� C {
?P�a1, �Artg1 θ1, . . . , θn ∈ Θ ltg1 k(1), . . . , k(n) ∈ {1, 2, . . . , n} p

det(θiηj,k(i))16i6n,16j6n = 0. (2)I�, wf (2) �Artg1 θ1, . . . , θn ltg1 k(1), . . . , k(n) �8, 
� θi ∈ Θ(i − 1) (1 6

i 6 n) e� k(i) ∈ {1, 2, . . . , n}, � η1, . . . , ηn � C {
?P�a1.� r = 1 j�p;X-(1kM:, |Θ(s − 1)| = s(s+1)
2 , � (2) ��N>�1�R.

n!(n + 1)!/2n. ��{, � (2) ��pRBN>�
)>.�1,iC�H�Q_��. :I1*ER�=<3 3.iT 1 A F .-Mx, C .
��x. δ1 l δ2 .;X-(, Θ .o δ1 l δ2 ��1h1�v�s, x1, . . . , xn ∈ F . Ar i = 1, . . . , n − 1, wf%� τi ∈ Θ(i − 1), �0
γi = (τix1, . . . , τixn) (1 6 i 6 n − 1) � F {
?P5a1, � x1, . . . , xn � C {?P�a1,j�,:I1 2(n − 1) XN>�

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

τ1x1 τ1x2 · · · τ1xn

...
...

. . .
...

τn−2x1 τn−2x2 · · · τn−2xn

τn−1x1 τn−1x2 · · · τn−1xn

δ1τix1 δ1τix2 · · · δ1τixn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

τ1x1 τ1x2 · · · τ1xn

...
...

. . .
...

τn−2x1 τn−2x2 · · · τn−2xn

τn−1x1 τn−1x2 · · · τn−1xn

δ2τix1 δ2τix2 · · · δ2τixn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, 1 6 i 6 n − 1
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�d*W A �: �W 8 38 % 8 5 a?3r�. "g.4Hp τ1 = 1.}Y “⇒” o<3 3 f0.

“⇐” �<3 3 �, A r = 1 l ηi = τ1xi = xi, �Z#<3 3, ��Q_ÆLArtg1 θ1, . . . , θn, θi ∈ Θ(i − 1), det(θixj)16i6n,16j6n = 0 �8. �~ γ1, . . . , γn−1 � F {
?P5a1. i. 2(n − 1) XN>�q?3r 0, �eArtg1 i ∈ {1, 2, . . . , n}, δ1γi =

(δ1τix1, . . . , δ1τixn), δ2γi = (δ2τix1, . . . , δ2τixn) . γ1, . . . , γn−1 1?P,o. or�p;X,�v1-( δ1 l δ2, ta θ ∈ Θ ,I. δk
1δl

2. Ar k l l kn
T, vfÆLArtg1LQ�� k, l, δk
1δl

2γ1 . γ1, . . . , γn−1 1?P,o. i. γ1 = (x1, x2, . . . , xn), �e
det(θixj)16i6n,16j6n = 0 Atg1 θ1, . . . , θn ?�8, 
� θi ∈ Θ(i − 1).${I1*E4H,e��w:��0[< x1, . . . , xn 
O���x{?P�a: �;,A

A =





x1 x2

δ1x1 δ1x2



 , B =





x1 x2

δ2x1 δ2x2



 .wf det(A) = det(B) = 0, �Z#*E 1, x1 l x2 ���x{?P�a1,$Cp x1, . . . , xn���x{
?P�a1. O�, ��a�P, �~ det(A) 6= 0, � (x1, x2) l (δ1x1, δ1x2) .?P5a1, �C (x1, x2, x3) u (δ1x1, δ1x2, δ1x3) ?P5a. A"	 M1, M2, M3, M4 M�.










x1 x2 x3

δ1x1 δ1x2 δ1x3

δ1x1 δ1x2 δ1x3











,











x1 x2 x3

δ1x1 δ1x2 δ1x3

δ1δ1x1 δ1δ1x2 δ1δ1x3











,











x1 x2 x3

δ1x1 δ1x2 δ1x3

δ2x1 δ2x2 δ2x3











,











x1 x2 x3

δ1x1 δ1x2 δ1x3

δ2δ1x1 δ2δ1x2 δ2δ1x3











.wf det(M1) = det(M2) = det(M3) = det(M4) = 0, �Z#*E 1, x1, x2, x3 ���x{?P�a1, �a� x1, . . . , xn ���x{
?P�a1. O�, x1, x2, x3 .?P5a1. A
x1, x2, x3, x4 �P{I1g�, �-BQ_�� n(n − 1) X"	1N>�. ��{, i.*E
1 � τ2 �p δ1 l δ2 ;�U�, 4Hp det(C) = 0 x det(D) = 0, 
�

C =

























τ1x1 τ1x2 · · · τ1xn

τ2x1 τ2x2 · · · τ2xn

...
...

. . .
...

τn−1x1 τn−1x2 · · · τn−1xn

δ1x1 δ1x2 · · · δ1xn

























, D =

























τ1x1 τ1x2 · · · τ1xn

τ2x1 τ2x2 · · · τ2xn

...
...

. . .
...

τn−1x1 τn−1x2 · · · τn−1xn

δ2x1 δ2x2 · · · δ2xn

























.�e�Q_�� n2 − 2n + 2 (= n(n − 1) − n + 2) XN>�0\Æ x1, x2, . . . , xn 
O���x{?P�a.� 3 .J�e�, �3��:1�Mn WR(x1, . . . , xn) �
*E 1 �1�pN>�,

WR(x1, . . . , xn) = 0 �
�p WR(x1, . . . , xn) �1N>�3r�. iCwf WR(x1, . . . , xn)

561



Nxm4:zs!�?KGmWronskianO?	2pJ=4}g�M
= 0, � x1, x2, . . . , xn � F 1��x{
?P�a1; O� x1, x2, . . . , xn � F 1��x{
?P5a1.

4 aXK4OU�7:OG^�[
4.1 _VJ3MTw`oI!�3E�1y�SY. A (u, v) l (x, y, z) M�./�. 2 l 3 1 Euclid .
{1910Æ. oI1���
.

r = r(u, v) = (x(u, v), y(u, v), z(u, v)),
� x(u, v), y(u, v) l z(u, v) . u l v 1i�..Æ*e�, 4Hn xi,j �
 ∂i+jx
∂iu∂jv

, yi,j , zi,j � n1i,j , n2i,j , n3i,j 1�.A p = (x, y, z), n = (n1, n2, n3), 
� x = x(u, v), y = y(u, v), z = z(u, v). � x, y, z, ni.-M0<y. 4Hn:I1-MJ��
oI!�3E�1y�SY. �HJ�
n)�wZ0-qoI!�3E�
Q1.

(i) oI r �9 p(x, y, z) 1oD. k,

k2 − (x1,0y0,1 − y1,0x0,1)
2 − (y1,0z0,1 − z1,0y0,1)

2 − (z1,0x0,1 − x1,0z0,1)
2 = 0.

(ii) oI r �9 p(x, y, z) 1*2FE<. n = (n1, n2, n3),

kn1 − y1,0z0,1 + y0,1z1,0 = 0∧

kn2 − z1,0x0,1 + z0,1x1,0 = 0∧

kn3 − x1,0y0,1 + x0,1y1,0 = 0.

(iii) oI r 17 1 y�M�. I = Edu2 + 2Fdudv + Gdv2,

E − x2
1,0 − y2

1,0 − z2
1,0 = 0∧

F − x1,0x0,1 − y1,0y0,1 − z1,0z0,1 = 0∧

G − x2
0,1 − y2

0,1 − z2
0,1 = 0.

(3)

(iv) oI r 17 2 y�M�. II = Ldu2 + 2Mdudv + Ndv2,

L + n11,0
x1,0 + n21,0

y1,0 + n31,0
z1,0 = 0∧

M + n10,1
x1,0 + n20,1

y1,0 + n30,1
z1,0 = 0∧ (4)

N + n10,1
x0,1 + n20,1

y0,1 + n30,1
z0,1 = 0.

4.2 ulD2yq[n{I19 p = (x, y, z) lFE< n = (n1, n2, n3) 1�
M�. oR�1 WronskianN>�, 4H,e�:IaroI3E1E�n)�wZ0-q. "g.:I1J�,��
E��81�M%�C�

_%�.

1. g9 p jFE<. n 1_Ig<9. J�.
WR(n1, n2, n3, n1x + n2y + n3z) = 0 ∧ WR(n1, n2, n3) 6= 0.4H�/g9 p jFE<. n 1_I1J�.:

n1(X − x) + n2(Y − y) + n3(Z − z) = 0.
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�d*W A �: �W 8 38 % 8 5 ao{�%�,�%��� c1, c2, c3 e� c4 6= 0, �0
c1n1 + c2n2 + c3n3 + c4(n1x + n2y + n3z) = 0.iC�H_Ig<9 (− c1

c4
,− c2

c4
,− c3

c4
).

2. g9 p jFE<. n 1_Ig<�?, J�.
(WR(n1, n2, n3) = WR(n1, n2, n1x + n2y + n3z) = 0 ∧ WR(n1, n2) 6= 0)∨

(WR(n1, n2, n3) = WR(n1, n3, n1x + n2y + n3z) = 0 ∧ WR(n1, n3) 6= 0)∨

(WR(n1, n2, n3) = WR(n2, n3, n1x + n2y + n3z) = 0 ∧ WR(n2, n3) 6= 0).4H�A7 1 �kM.�Æ, 
�kM1�. i.
WR(n1, n2, n1x + n2y + n3z) = 0 ∧ WR(n1, n2) 6= 0,�e�H_Ig<9 (a1, a2, 0), 
� a1n1 + a2n2 = n1x + n2y + n3z. o WR(n1, n2, n3) = 0,�e�H_I!�r<_I c1X + c2Y + c3Z = 0, 
� c1n1 + c2n2 + c3n3 = 0. i", �H_I�hg9 (a1, a2, 0) j!�r_I c1X + c2Y + c3Z = 0 1<�?. C, a1 = a2 = 0 �,�H_I�h!�r_I c1X + c2Y + c3Z = 0 r9 (0, 0, 0) 1<�?.

3. g9 p j_NrE< n 1�?g<9, J�.
WR(n1n3, n1n2, n2n3) 6= 0∧

WR(n1, n2, n1y − n2x) = 0∧

WR(n1, n3, n1z − n3x) = 0∧

WR(n2, n3, n2z − n3y) = 0.o WR(n1n3, n1n2, n2n3) 6= 0, p WR(ni, nj) 6= 0, 
� i, j = 1, 2, 3 j i 6= j. �e%���
ai, bi, �0

n1y − n2x = a1n1 + b1n2; (5)

n1z − n3x = a2n1 + b2n3; (6)

n2z − n3y = a3n2 + b3n3. (7)o (5) ∗ n3 − (6) ∗ n2 + (7) ∗ n1, p
(a1 + b3)n1n3 + (a3 − a2)n1n2 + (b1 − b2)n2n3 = 0.'^o WR(n1n3, n1n2, n2n3) 6= 0, p

a1 + b3 = 0; a3 − a1 = 0; b1 − b2 = 0.�eo (5)–(7) �,

n1(y − a1) = n2(x + b1); n3(x + b1) = n1(z − a2); n2(z − a2) = n3(y − a1).i. WR(n1n3, n1n2, n2n3) 6= 0, n1, n2, n3 ��|p;X�. 0, ��a�P, �~ n1n2 6= 0.A u = x+b1
n1

, p x − un1 = −b1, y − un2 = a1. wf n3 ≡ 0, � z ≡ a2, O� z − un3 = a2, i"�H�?1J�.
X = x + tn1, Y = y + tn2, Z = z + tn3,�5. t .��. �e�p1�?g<9 (−b1, a1, a2).
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5 Q�4H�naH7(0�Æ|fÆL1g�,6n�F 1 ÆL:I7(�1E�
`
�81.P 2 ÆLmI1�pF?g<9.��a�P, ,e�~mI1J�. x2 + y2 + z2 − r2 = 0, �5 x, y, z .-Mx R(u, v){1-M0<ye� r .��. mI1�pF?g9 (x, y, z) �j_Nr (n1, n2, n3). 6n7 4.1 ��ar*2FE<1<hJ�, 4Hpw:1�~%�� H:

H1 = x2 + y2 + z2 − r2;

H2 = k2 − (x1,0y0,1 − y1,0x0,1)
2 − (y1,0z0,1 − z1,0y0,1)

2 − (z1,0x0,1 − x1,0z0,1)
2;

H3 = kn1 − y1,0z0,1 + y0,1z1,0;

H4 = kn2 − z1,0x0,1 + z0,1x1,0;

H5 = kn3 − x1,0y0,1 + x0,1y1,0.4HQ_ÆL7 4.2 ��17 3 XE�
O��a�~%��:�8,iC�E��hp 15X-MBC�. A n3 > n2 > n1 > z > y > x > k �jkn" 1 �1Sa7. �5� r .��. wf k = 0, � r = 0, "�mI+r.aX9. �e4H)B Zero({H1, . . . , H5}/k). kn
Maple �1 diffalg �, 4H0.

Zero({H1, . . . , H5}/k) = Zero(C1/{IS1, k}) ∪ Zero(C2/{IS2, k}),
�
C1 = kn3 − x1,0y0,1 + y1,0x0,1,

kn2(x
2 + y2 − r2) + zx1,0yy0,1 − zx0,1yy1,0,

kn1(x
2 + y2 − r2) − zy1,0xx0,1 + zy0,1xx1,0,

z2 + x2 + y2 − r2,

y2
1,0x

2
0,1r

2 + x2
1,0r

2y2
0,1 − 2x1,0y1,0x0,1r

2y0,1 + k2y2 + k2x2 − k2r2;

C2 = kn3 − x1,0y0,1,

kn2(x
2 + y2 − r2) + zx1,0yy0,1,

kn1(x
2 + y2 − r2) + zy0,1xx1,0,

z2 + x2 + y2 − r2,

x2
1,0r

2y2
0,1 + k2x2 − k2r2 + k2y2

x0,1;
� IS1 l IS2 M�. C1 l C2 �7uW2(1��. A
W =

∣

∣

∣

∣

∣

∣

∣

∣

∣

n1n2 n1n3 n2n3

n11,0n2 + n1n21,0 n11,0n3 + n1n31,0 n21,0n3 + n2n31,0

n10,1n2 + n1n20,1 n10,1n3 + n1n30,1 n20,1n3 + n2n30,1

∣

∣

∣

∣

∣

∣

∣

∣

∣

,
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�d*W A �: �W 8 38 % 8 5 a4Hp Prem(W, C1) 6= 0, �e WR(n1n2, n1n3, n2n3) 6= 0. )B:I 4 XN>�:

Di =

∣

∣

∣

∣

∣

∣

∣

∣

∣

n1 n2 n1y − n2x

n10,1 n20,1 n10,1y − n20,1x + n1y0,1 − n2x0,1

θin1 θin2 θi(n1y − n2x)

∣

∣

∣

∣

∣

∣

∣

∣

∣

, i = 1, 2, 3, 4,
� θ1 = ∂1,0, θ2 = ∂0,2, θ3 = ∂1,1, θ4 = ∂2,0. &g��, p
Prem(Di, C1) = Prem(Di, C2) = 0, i = 1, 2, 3, 4.Z#*E 1, WR(n1, n2, n1y − n2x) = 0. '3, 0. WR(n1, n3, n1z − n3x) = 0 l WR(n2, n3,

n2z − n3y) = 0. �e7(�1E��8.P 3 ÆLwf
�oI
mI, �%�L��� c, �0 (E, F, G) = c(L, M, N), 
�
E, F, G l L, M, N M�o (3) l (4) �<h.6n7 2 �1�j, p�> C1 l C2. i. Prem(E, C1) 6= 0 e�

Prem(EL1,0 − E1,0L, C1) = Prem(EL1,0 − E1,0L, C2) = 0,

Prem(EL0,1 − E0,1L, C1) = Prem(EL0,1 − E0,1L, C2) = 0,

E l L ���x R {?P�a, �%�L��� c, �0 E = cL. qi.
Prem(F, C1) 6= 0, Prem(EM − LF, C1) = Prem(EM − LF, C2) = 0,

Prem(G, C1) 6= 0, Prem(EN − GL, C1) = Prem(EN − GL, C2) = 0,�e (E, F, G) l (L, M, N) ;E<_N, $C (E, F, G) = c(L, M, N).P 4 ÆL,oI�.
 R3 �.T$~>�, �17 1 y�M���.A (ai,j)16i63,16j63 .T$~>��
T#1"	, (b1, b2, b3)
T �
_
. A (ei, fi, gi)�
�koI (xi, yi, zi) 17 1 y�M�, �5 i = 1, 2. o7 4.1 ��1<hJ�, 4Hpw:1�~%�� H:

H1 = x1 − b1 − a1,1x2 − a1,2y2 − a1,3z2;

H2 = y1 − b2 − a2,1x2 − a2,2y2 − a2,3z2;

H3 = z1 − b3 − a3,1x2 − a3,2y2 − a3,3z2;

H4 = a2
1,1 + a2

2,1 + a2
3,1 − 1;

H5 = a2
1,2 + a2

2,2 + a2
3,2 − 1;

H6 = a2
1,3 + a2

2,3 + a2
3,3 − 1;

H7 = a1,1a1,2 + a2,1a2,2 + a3,1a3,2;

H8 = a1,1a1,3 + a2,1a2,3 + a3,1a3,3;

H9 = a1,2a1,3 + a2,2a2,3 + a3,2a3,3;

H10 = e1 − x1
2
1,0 − y1

2
1,0 − z1

2
1,0;

H11 = e2 − x2
2
1,0 − y2

2
1,0 − z2

2
1,0;

H12 = f1 − x11,0x10,1 − y11,0y10,1 − z11,0z10,1;

H13 = f2 − x21,0x20,1 − y21,0y20,1 − z21,0z20,1;
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H14 = g1 − x1

2
0,1 − y1

2
0,1 − z1

2
0,1;

H15 = g2 − x2
2
0,1 − y2

2
0,1 − z2

2
0,1.i. ai,j 
��, 
� i, j = 1, 2, 3, �eJ� Hi,j = ai,j1,0 l Gi,j = ai,j0,1 `Q_�h� H�, �E�. S = {−e2 + e1, f2 − f1, g1 − g2}. A

e1 > e2 > g1 > g2 > f1 > f2 > z1 > y1 > x1 > z2 > y2 > x2 > a1,1 > a1,2 > · · · > a3,3[n" 1 �1Sa7, � b1, b2, b3 .��. 0.
Zero(H) =

10
∏

i=1

Zero(Ci/ISi),
� Ci .�>, ISi . Ci 1�7lW2(1��. GX�>�h&} 20 X-MBC�. i. Prem(S, Ci) = 0, i = 1, 2, . . . , 10, �e�E
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