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Abstract Let K, be a complete bipartite graph with two partite sets having m and
n vertices, respectively. A P,-factorization of K, . is a set of edge-disjoint P,-factors of
Km,» Which partition the set of edges of K, ». When v is an even number, Wang and
Ushio gave a necessary and sufficient condition for the existence of P,-factorization of
Km,n. When v is an odd number, Ushio in 1993 proposed a conjecture. However, up to
now we only know that Ushio Conjecture is true for v = 3. In this paper we will show that
Ushio Conjecture is true when v = 4k — 1. That is, we shall prove that a necessary and
sufficient condition for the existence of a P,;_1-factorization of Ky, is (1) (2k — 1)m <
2kn, (2) 2k — 1)n < 2km, (3) m+n =0 (mod 4k — 1), (4) (4k — 1)mn/[2(2k — 1)(m + n)]
is an integer.
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Let K, ,, be a complete bipartite graph with two partite sets hawingndn vertices,
respectively. A subgraph' of K,, ,, is called a spanning subgraphisft, ,, if /' contains
all the vertices off,, ,,. A G-factor of K, ,, is a spanning subgraph of K,, ,, such
that every component of is aG. A G-factorization of K, ,, is a set of edge-disjoint
G-factors ofK,, ,, which partition the set of edges éf,,, ,,. The graphk,, ,, is calledG-
factorizable if it has & -factorization. In ref. [1] the&-factorization ofkK,, ,, is defined
as aresolvablém, n, k, 1) G-design. For graph theoretical terms see ref. [2].

P,-factorizations andk, ,-factorizations ofk,, ,, have been studied by many re-
searchers and found to have a number of applications. Especially, Yamamoto and Ushio et
all*4 have given some applications iU BF'S, and HU BM F S, schemes of database
systems. There are also some known results on the existence Bf-fetorizations and
K, ,-factorizations ofk,, ,,. The existence of;-factorization ofK,, ,, has been com-
pletely solved by Ushiél. Notice that aPs is also aK ,. Since then, Ushio, Martin and
Wang et al. have done some further researcR, #factorizations ands, ,-factorizations
of K, . Martinl® investigated thek(, ,-factorization of K, ,, and gave a necessary
condition for such a factorization to exist and conjectured that the condition is also suffi-

cient. Martin Conjecture, from then on, has drawn focus from many researchers. In refs.
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[7—29], we proved that Martin Conjecture is true when: ¢ = k : (k + 1), where
k is a positive integer. For th&,-factorizations ofK,, ,,, Ushid!) and Wang®! gave a
necessary and sufficient condition for their existence whisran even number (Theorem
4.9 inref. [1]).

Theorem 1%, Letk, m, n be positive integers. There exist®a,-factorization
of K,,., ifand only if m = n = 0 (mod k(2k — 1)).

Whenv is an odd number, the existence of tHg-factorization ofk’,, ,, seems to be
much less tractable. In ref. [1], Ushio proposed the following conjecture (Conjecture 5.3
in ref. [1]).

Ushio Conjecturd!l.  Let m, n be positive integers ankl be odd. Thenk,, ,,
has aP,-factorization if and only if : (1) (v — 1)m < (v + 1)n, (2) (v—1)n <
(v+1)m, (3) m+n=0(modv), (4) vmn/[(v—1)(m + n)] is an integer.

Although a lot of work has been done on Ushio Conjecture, up to now, the only
known result is that it is true foo = 3. Very recently, we have done some research in
P,-factorizations ofK,, ,,''*?). In this paper we will show that Ushio Conjecture is true
whenv = 4k — 1. That is, we shall prove

Theorem 2. Let k, m,n be positive integers. There existsFy,_-factorization
of K,,., ifand only if (1) (2k — 1)m < 2kn, (2) (2k — 1)n < 2km, (3) m+n =
0 (mod 4k — 1), (4) (4k — 1)mn/[2(2k — 1)(m + n)] is an integer.

1 Proof of necessity

We first give the proof of necessity of Theorem 2.

Theorem 3. Letk, m, n be positive integers. I, ,, has aP,;_;-factorization,
then(1) (2k — 1)m < 2kn, (2) (2k — 1)n < 2km, (3) m +n = 0 (mod 4k —
1), (4) (4k — 1)mn/[2(2k — 1)(m + n)] is an integer.

Proof. Letr be the number of,;,_;-factors in the factorizatiorg be the number
of copiesPy;_; in any factor. Using simple computation, we have
_m+n  (4k—1)mn
“Tuw—1 " T 20k—D(m+tn)
It is easy to see that the conditions (3) and (4) are necessary.dretb be the number of
copies ofP,,_; with its endpoints inY” and X in a particularP,,_;-factor, respectively.
Then(2k — 1)a + 2kb = m, 2ka + (2k — 1)b = n. Hence
_ 2kn—(2k—1)m - 2km — (2k — 1)n
T -1 T k-1
Conditions (1) and (2) are, therefore, necessary. This proves the theorem.

2 Proof of sufficiency

The proof of sufficiency consists of the following lemmas. For any two integers
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andy, we useycd(z, y) to denote the greatest common divisoradndy. The following
lemma is obvious.

Lemma 1. Letu, v, = andy be positive integers. Ifcd(uz,vy) = 1, then
ged(uv, uz + vy) = 1.

We prove the following result which is used later in this paper.

Lemma 2. If K,,, has aP,-factorization, ther¥,,, ,, has aP,-factorization for
any positive integes.

Proof. Let{F;:1 < i < s} be al-factorization ofK , (see ref. [2]). For each
i€{1,2,---,s}, replace every edge d@f; by aK,, ,, to get a facto7; of K, s, such
that the graplty; are pairwise edge-disjoint and their unioris,, ,. Sincek,, ,, has a
P,-factorization, it is clear that the gragh;, too, has aP,-factorization. Consequently,
K., « has aP,-factorization.

Lemma 2 implies that there are three cases to consider.
(1) (2k — 1)m = 2kn.
In this case, let
Fy = {@ioj-1¥i, Tigojyi 1 1 << 2k — 1} 1< j <k,

it is easy to see that it is &,;,_,-factor of Ky, 51,1 and thenU, ;< F} is a Py,_+-
factorization ofKyy, o5, —1. K,y », has aPyy,_;-factorization from Lemma 2.

(2) 2km = (2k — 1)n.
Obviously, K, ,, has aP,;_-factorization.
(3) 2km > (2k — 1)n and2kn > (2k — 1)m.

In this case, let

_ 2kn— (2k—1)m _ 2km — (2k—1)n
YT T
m+n (4 =1)mn

Ta-1 T @Wk-2)(m+n)
Then from conditions (1)—(4) in Theorem@, b, e, r are integersand < a < m, 0 <
b < n. We have(2k — 1)a + 2kb = m, (2k — 1)b + 2ka = n. Hence
ab
2k —1)(a+0b)

r:k(a—l—b)—|—2
Let

B ab

22k —1)(a+b)’

which is a positive integer. And lgtd((2k—1)a, 2kb) = d, (2k—1)a = dp, 2kb = dg,
wheregced(p, q) = 1. Then

z

dpq

* T 902k — 1)[2kp + 2k — 1)q|
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These equalities imply the following equalities:
g 2@k = D2kp+ 2k =gl (p+ @)k p+ (2k— 1))z

) )

pq pq
o = 22k = 1)(p +q)[2kp + (2k — 1)q]2
Pq ’
 [4R*p + (2k — 1)%q][2kp + (2k — 1)q]z
kpq ’
_ 2p[2kp + (2k — 1)q]z b (2k — 1)q[2kp + (2k — 1)q]=
Pq ’ kpq '
Let2k — 1 = p,F1p,*2 -+ p %, wherepy, p,, -- -, p, are distinct prime numbers,
ki, ko, - -+, k., are positive integers, argtk = ¢,"1 g2 - - - ¢, ", whereqi, ¢, -+, q.
are distinct prime numberg,;, ho, ---, h,, are positive integers. Now we can establish

the following lemma.

Lemma3. If ged(p, (2k—1)%) = 1" pa™ - - P Py 2ot Tletip g 2Rata e
...pﬁZkﬁ*iffpﬁ+12k[3+lpﬁ+22kﬁ+2...p72kv’ wherel < o < B < v, 0 < i; < kj
(wWwhenl < j < a)or0 < i; < k; Whena +1 < j < f); ged(q,4k?) =
qul q2j2 . qujuqlﬁ_l2hu+1*ju+1 qu+22hu+2*ju+2. . .qy2hu*juqy+12hu+1qu+22hu+2. . .quhw,
wherel < p < v <w, 0 < j; < h;(wWhenl < < p)or0 < j; < h; (when
w+ 1<t <) Let

%

S=pi"pa" o pat, t=m

_ ta ia i
U = Pa+1 +1pa+2 AR "Pp /37

_ kat+1—1 kat2—1 kg—1i
V= Doy et Tty et a+2...pﬁﬁ C

ka_ia

*Pa )

k1—i1,, ka—iz |

b2

— k k k
w _p,3+1 B+1p,@+2 B+2 p’y ’Y’

I o J1 4 J2 J ! . hi—j1, ha—j2 hu—j
S =@l gt U= g Gt
I Jut1 Jut2 ... 4 Jv
U = qM+1 " q;;,+2 ! qv,

r_ hut1—Ju+1 hut2—Ju+2 hy—ju
v_qu+lu 123 qu+2u M ...qV s

I hy hy h
W = qyi+1 Jr1QL/+2 *2"'%; wv

and letp = suv?w?p/, ¢ = s'u'v°w’q.
(1) If ¢’ =1 (mod 2) andv'w’ = 1 (mod 2), then
m = 2stut’ (suv*w?p’ + s'u'v W ¢) (vwt'p’ + tv'w'q) 7,
n = 2suwvwv'w’ (s't°u'p + st?uq ) (vwt'p’ + tv'w'q) 2,
a = 2suvwt'p' (vwt'p’ + tv'w'q’) 2,
b = 2stuv'w'q' (vwt'p’ + tv'w'q') 2,
r = tv'w (suw’p’ + su'v W ) (s + stPug')7,
d = 2stut’ (vwt'p’ + tv'w'q") 2,
for some positive integer'.
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(2) If ' = 0 (mod 2) andv'w’ = 1 (mod 2), then

/U/U/2w/2q/)(th/p/ + tv'w'q')z’,

m = stut'(suv’w?p’ + s
n = suwvwv'w (st u'p + st’ug) (vwt'p’ + tv'w'q) 7,

a = suvwt'p' (vwt'p" + tv'w'q’) 2,

b = stuv'w'q' (vwt'p’ + tv'w'q') 2,

r ='W (sww?p + UV w ) (s + stPug)2 /2,
d = stut’ (vwt'p’ + tv'w'q") 7,

for some positive integer'.
(3)If ' =1 (mod 2) andv’'w’ = 0 (mod 2), then

m = stut’ (suv’w’p’ + 8'u’U’2w'2q’)(th'p' + tv'w'q') 2,
n= suvwv’w’(s’t’Qu'p' + st*uq’) (vwt'p’ + tv'w'q’) 2,

a = suvwt'p' (vwt'p" + tv'w'q’) 2,

b = stuv'w'q' (vwt'p’ + tv'w'q')z2’,

W) (s + stPug')Z /2,
d = stut’ (vwt'p’ + tv'w'q") 2,

r = t'v'w (suv?w?p + s

for some positive integer'.

Proof. We assume thecd(p, (2k — 1)?) = suv?w?, ged(q,4k?) = s'u'v*w',
ged(p, q) = 1 andp = suv*w?p’, q = s'u'v'*w'*q’ holds. Then
1012 92

ged(suv*w?p’, su'v w'q) = ged(s't u'p, st’uq’) = 1.
Since

(suv?w?p’ + s’u’v’2w’2q’)(s’t’2u’p’ + st?uq')z
'q ‘

rT =

From Lemma 1, we see thgtd(suv*w?p’ + s'u'v*w'’¢,p'q) = ged(s'tu'p’ +
st*uq’,p'q’) = 1. Hencez/(p'q’) is an integer. Let, = z/(p'q’), we have
de 2stu(vwt’p’ + tv'w'q' )z,

v'w’
(1) Whent’ = 1 (mod 2) andv'w’ = 1 (mod 2)
Sinceged(2,v'w') = ged(stu, v'w’) = ged(vwt'p’ + tv'w'q’, v'w’) = 1, therefore
z1/(v'w’) is aninteger. Let, = z;/(v'w’), we have
b= 2stuv'w'q (vwt'p’ + tv'w'q’) zo
t '
Sinceged(2,t') = ged(st'uv'w'q, t') = ged(vwt'p’ +t'v'w'q’,t') = 1, thereforez, /t/
is an integer. Let’ = z,/t’. Then the equalities in (1) hold.

(2) Whent’ = 0 (mod 2) andv'w’ = 1 (mod 2)

Sinceged(2,v'w') = ged(stu, v'w') = ged(vwt'p’ + tv'w'q’,v'w’) = 1, therefore
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z1/(v'w') is an integer. Lety, = 2, /(v'w’), we have
- 2stuv'w'q (vwt'p’ + tv'w'q’ )z,
- :

Sinceged(2,t') = 2, ged(st'uwv'w'q’,t') = ged(vwt'p’ + t'v'w'q’,t') = 1, therefore
22, /t' is an integer. Let’ = 2z, /t’. Then the equalities in (2) hold.

(3) Whent’ = 1 (mod 2) andv'w’ = 0 (mod 2)

Sinceged(2,v'w') = 2, ged(stu, v'w’) = ged(vwt'p’ + tv'w'q’,v'w') = 1, there-
fore2z; /(v'w’) is an integer. Let, = 2z, /(v'w’), we have
b= stuv'w'q (vwt'p’ + tv'w'q’ )z,
t '
Sinceged(st'uv'w'q, t') = ged(vwt'p’ +t'v'w'q’, t') = 1, thereforez, /' is an integer.
Let 2’ = z,/t’. Then the equalities in (3) hold.

This proves the lemma.

We are now in position to prove Theorem 2. For our main result, we only need the
following direct constructions.

Lemma 4. For any positive integers, ¢, u, v, w, s’, t', v/, v/, w’, p andg,
let

I, 0.0

m = 2stut’ (suv*w?p + s'u'v W' q) (vwt'p + tv'w'q),
n = 2suvwv'w’ (st u'p + st?uq) (vwt'p + tv'w'q).
ThenK,, ,, has aPsypw-tstuvw -factorization ifstuvw + 1 = s't'u'v'w’.

Proof. Leta = 2suvwt’p(vwt'p+tv'w’'q), b = 2stuv'w’q(vwt'p+tv'w'q), r =
t''w’ (suvw?p 4+ su'v w?q) (st u'p + stuq), r = t'(suvw?p + vV w'?q)
andr, = v'w'(s't"*u/p + st?uq). Let X andY be the two partite sets df,, , and set

X ={z;;: 1<i<r; 1<) < 2stu(vwt’'p + tv'w'q)},

X < ~
Y ={yi;: 1<i<ry; 1<) < 2suvw(vwt’'p+ to'w'q)}.

We shall construct &+ s+ w7 -factorization ofK,, ,,. We remark in advance
that the additions in the first subscripts of;’s andy; ;'s are taken module; andr,
in{1, 2, ---, m}and{1, 2, ---, r}, respectively, and the additions in the second
subscripts of; ;'s andy; ;'s are taken modul@stu(vwt'p+tv'w’q) and2suvw (vwt’ p+
tv'w'q)in{1,2,- -, 2stu(vwt’'p + tv'w’q) } and{1, 2, - - -, 2suvw(vwt'p + tv'w'q) },
respectively.

Foreachi, x, y, zandz’, 1 <i<tp, 1<z <vw, 1 <y<suvw, 1 <zt
and0 < 2’ < 1, let f(i,z,y) = suv?*w?(i — 1) 4+ suwow(x — 1) + vy, g(i,y, 2z, 2') =
s't'u'v'w' (i—1)+suvw(z—1)+y+2" andh(i, z,y, ') = 2suvw(i—1)+2su(vwt'p+
tv'w'q)(x — 1) + 2y + =’ — 1, and set

Ei = {:Uf(i,at,y),j+2su(th’p+tv’w’q)(z—l)yg(i,y,z,z’),j+h(i,z,y,z’) :
1 <j < 2su(vwt’'p + tv'w'q), 1 <z < vw,
I<y<suwow, 1 <2<t 0<2’ <1}
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Foreach, x, y, zandx', 1 <i<vwq, 1 <z <stu, 1 <y<ow, 1 <2<t
and0 < 2’ < 1, lety(i,z,y,2') = suv?*w’t’p + s't'u/v'w' (i — 1) + vw(z — 1) +
y+a, iz, 2) = s v'w'p + st?u(i — 1) + stu(z — 1) + z andg (i, z, y, ') =
2suvwt'p + 2x + 2stu(i — 1) + 2su(vwt'p + tv'w'q)(y — 1) + 2’ — 1, and let

Et’p-i-i = {xap(i,ac,y,x’),j+2su(th’p—&-tv’w’q)(z—l)yw(i,x,z),j+¢(i,a:,y,x’) :
1< < 2su(vwt’'p+ tv'w'q), 1 < x < stu,
I<y<ovw, 1 <2<t 0<a’ <1}

Notice thatstuvw + 1 = s't’u/v'w’. Let F' = Uigicpprow o, then it is easy
to see that the graph' is a Pty stuvw-factor of K, ,,. Define a bijectiorr from
X UY ontoX UY insuch away thav(z; ;) = =1, 0(¥i;) = yi+1,;. For each
ie{l,2,---, r;}andeacly € {1, 2, ---, r}, let

F,;={c'(z)o’(y)|z € X,y€Y, zy € F}.

Itis easy to show that the graphs; (1 < i <7y, 1 < j < r2) arePaiypuwtstruvrw -
factors of K, ,, and their union isK,, ,. Thus{F; ;|1 <i <r;, 1 <j<m}isa
Pty s'tru0rr -factorization offs,, ,,.

This proves the lemma.

In the following constructions,z | denotes the lessest integer greater than or equal to
x and| x| denotes the greatest integer less than or equal to

Lemma 5. For any positive integers, t, u, v, w, s, t/, v/, v, w’, p andg,
t' =0 (mod 2), let

m = stut’ (suv’w’p + s'u'v’

u'v"”*w'q) (vwt'p + tv'w'q),
n= suvwv’w’(s’t’zu’p + st?uq) (vwt'p + tv'w'q),
ThenK,, ,, has aPs;ypw-ts 1w -factorization ifstuvw + 1 = s't'u'v'w’.

Proof. Leta = suvwt'p(vwt’p + tv'w'q), b = stuv'w'q(vwt’p + tv'w'q), r =
tv'w’ (suvw?p+s'u' v w? q) (st p+st?uq) /2, =t (suviwp+-s'u' v w'?q) /2
andr, = v'w'(s't"*u/p + st>uq). Let X andY be the two partite sets df,, , and set

X ={x;;: 1<i<r; 1<) < 2stu(vwt’p + tv'w'q)},

ro; 1 < j < suvw(vwt'p + tv'w'q) }.

We shall construct @&, +s't/u/0w -factorization ofk,, ,,. We remark in advance
that the additions in the first subscriptsagf;’s andy; ;'s are the same as those of Lemma
4, and the additions in the second subscriptszpf's and y; ;'s are taken modulo
2stu(vwt'p+tv'w'q) andsuwvw (vwt p+tv'w’q) in {1, 2, - -, 2stu(vwt'p+tv'w'q)}
and{1, 2, ---, suvw(vwt'p 4+ tv'w'q)}, respectively.

Foreach, x, y, z, 2’ andy’, 1 <i<pt'/2, 1 <z <vw, 1 <y < suwvw, 1<
z < tand0 < 2/, ¢ < 1, let f(i,z,y) = suv?w?(i — 1) + suvw(z — 1) +
y, 9(i,y,z,2',y") = 28t v'w (i — 1) + s't'u'v'w'z’ + suvw(z — 1) + y + y' and
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h(i,z,y,y") = 2suvw(i — 1) + su(vwt'p + tv'w'q)(x — 1) + 2y + 3y — 1, and set

E; = {xf(i z,y),j+su(vwt’p+tv'w q) (z—1)+stu(vwt' p+tv'w )z’ Yg(i,y,2,2' y') ,j+h(i,2,y,y") *
1< j < sulvwt'p + tv'w'q), 1 <z < vw,
I<y<suww, 1<2<t 0<2, ¢y <1}

Foreach;my,zanda: I<igvwg 1<x<stu, 1 <y<vw, 1 <2<t
and0 < o’ < 1, lety(i, z,y) = suv w2t p/2 + s't'uvw' (i —1)/2 + [[vw(x — 1) +
Y+ x’]/ﬂ, Y(z,y, z,2") = su(vwt’'p + tv'w'q)(z — 1) + stu(vwt'p + tv'w'q)[1 —
(TTow(z—=1)+y]/2] = [[vw(z—1) +y]/2])](1—2") + stu(vwt'p+tv'w'q)([[vw(z—
1) +9]/2] = |[ow(z — 1) + y]/2] )2’ and " ¢ (i, z, y) = suvwt'p + x + stu(i — 1) +
su(vwt'p + tv'w'q)(y — 1), and let

Et’p/2+i = {xc/:(z z,y), i+ (z,y,2,2 ) Ys't/ 20/ v/ w p+st2u(i—1)+stu(z—1)+z,j+¢(i,z,y) *
1 <j < su(vwt'p + tv'w'q), 1 < x < stu,
I<y<ow, 1<2<t, 0<a’ <1}

The remaining proof is similar as that of Lemma 4.

Lemma 6. For any positive integers, t, u, v, w, s, t’, v/, v/, w’, p andg,
v'w’ =0 (mod 2), let

/o1 a2

m = stut’(suv*w p + s'u'v"" W’ q)(vfwt’p + tv'w'q),
n = suvwv'w' (st u'p + st*uq) (vwt'p + to'w'q).

Then K, ,, has aPsiyvw+s/t7uvwr -factorization ifstuvw + 1 = s't'u/v'w’.

Proof. Leta = suvwt'p(vwt’p + tv'w'q), b = stuv'w’ q(th’p + tv'w q)
1., / 1., /

tv'w' (suviw p—l—suv w?q) (st u'p+ st>uq) /2, r = t' (suvw?p + s'u'v*w’ q)
andr, = v'w'(s't"*u'p + st>uq) /2. Let X andY be the two partite sets df,, ,, and set

X = {xi7j .

1<i< < stu(vwt'p + tv'w'q) },
Y:{yi,j: <Z<7’27

1 < <J <
< J < 2suvw(vwt'p + tv'w'q) }.

15 1
1

We shall construct &y, +st/u/0w -factorization ofk,, ,,. We remark in advance
that the additions in the first subscriptsagf;’s andy; ;'s are the same as those of Lemma
4, and the additions in the second subscriptszpf’s and y; ;'s are taken modulo
stu(vwt'p+tv'w'q) and2suvw (vwt'p+tv'w'q) in {1, 2, - -+, stu(vwt'p+tv'w'q)}
and{1, 2, ---, 2suvw(vwt'p + tv'w'q) }, respectively.

Foreachi, x, y, zandz’, 1 <i<tp, 1<z <vw, 1 <y<suvw, 1 <2<t
and0 < 2’ < 1, let f(i,z,y) = suv*w?(i — 1) + suwvw(x — 1) + vy, g(i,y,z,2') =
stuvw (i —1)/2+ [(t(y — 1) + z + 2) /2] andh(i, x,y, z,2") = suvw(i — 1) +
su(vwt' p+tv'w'q) (x—1)+y+suvw(vwt' p+to'w' q)[1— ([ (t(y—1)+2) /2] — | (t(y—
1)+2)/2])](1=a")+ swvw(vwt'p+tv'w'q)([(Ly—1)+2)/2] = [(t(y—1)+2) /2] )2,
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and let

E; = {@ 1(i,0,9),5+suowt prtvwq) (:—1)Yg(i,g,2,07) j+h(io,,2,27)
1 <j < su(vwt'p + tv'w'q), 1 <z < vw,
I1<y<suvw, 1 <2<t 0<a’ <1}

For eachi, z, y, z, ' andy’, 1 < i < vw'q/2, 1 < = < stu, 1 <y <
vw, 1 <z<tand0 < 2/, ¥ < 1, letp(i,z,y,2',y) = suv?w?*t'p + s't'u/v'w'y’ +
2s't'u/v'w' (i — 1) +vw(x — 1) +y+a’, (i, x, 2) = 't u'v'w'p/2 + st?u(i — 1) +
stu(z—1)+zandg(i, x,y, 2,y ) = suvwt’'p+x+ stuz’ +2stu(i— 1) + su(vwt'p+
tv'w'q)(y — 1) + suvw(vwt'p + tv'w’q)y’, and let

Evpri = {To0,y.00) 5+ suouwt p+tow ) (e 1) Yop (i,0,2).5+ i,z ) *
1 <j < su(vwt'p + tv'w'q), 1 < x < stu,
I1<y<ow, 1<2<t 0L, y' <1}

The remaining proof is similar as that of Lemma 4.

Applying Lemmas 2—6, we see that for the parameters: andn satisfying condi-
tions (1)—(4) in Theorem 2K, ,, has aP,;_;-factorization.

Theorem 4. Letk, m, n be positive integers. Ifl) (2k —1)m < 2kn, (2) (2k—
1)n < 2km, (3) m+n =0 (mod 4k — 1), (4) (4k — 1)mn/[2(2k — 1)(m + n)] is
an integer, thet,, ,, has aP,;,_,-factorization.

Combining Theorem 3 and Theorem 4 we obtain Theorem 2, that is, we have proved:
Ushio Conjecture o, -factorization ofk,, ,, is true wherv = 4k — 1.
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