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Abstract Let Km,n be a complete bipartite graph with two partite sets having m and
n vertices, respectively. A Pv-factorization of Km,n is a set of edge-disjoint Pv-factors of
Km,n which partition the set of edges of Km,n. When v is an even number, Wang and
Ushio gave a necessary and sufficient condition for the existence of Pv-factorization of
Km,n. When v is an odd number, Ushio in 1993 proposed a conjecture. However, up to
now we only know that Ushio Conjecture is true for v = 3. In this paper we will show that
Ushio Conjecture is true when v = 4k − 1. That is, we shall prove that a necessary and
sufficient condition for the existence of a P4k−1-factorization of Km,n is (1) (2k − 1)m 6
2kn, (2) (2k − 1)n 6 2km, (3) m + n ≡ 0 (mod 4k − 1), (4) (4k − 1)mn/[2(2k − 1)(m + n)]

is an integer.
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Let Km,n be a complete bipartite graph with two partite sets havingm andn vertices,
respectively. A subgraphF of Km,n is called a spanning subgraph ofKm,n if F contains
all the vertices ofKm,n. A G-factor of Km,n is a spanning subgraphF of Km,n such
that every component ofF is a G. A G-factorization ofKm,n is a set of edge-disjoint
G-factors ofKm,n which partition the set of edges ofKm,n. The graphKm,n is calledG-
factorizable if it has aG-factorization. In ref. [1] theG-factorization ofKm,n is defined
as a resolvable(m,n, k, 1) G-design. For graph theoretical terms see ref. [2].

Pv-factorizations andKp,q-factorizations ofKm,n have been studied by many re-
searchers and found to have a number of applications. Especially, Yamamoto and Ushio et
al.[3,4] have given some applications inHUBFS2 andHUBMFS2 schemes of database
systems. There are also some known results on the existence of thePv-factorizations and
Kp,q-factorizations ofKm,n. The existence ofP3-factorization ofKm,n has been com-
pletely solved by Ushio[5]. Notice that aP3 is also aK1,2. Since then, Ushio, Martin and
Wang et al. have done some further research inPv-factorizations andKp,q-factorizations
of Km,n. Martin[6] investigated theKp,q-factorization ofKm,n and gave a necessary
condition for such a factorization to exist and conjectured that the condition is also suffi-
cient. Martin Conjecture, from then on, has drawn focus from many researchers. In refs.
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[7—9], we proved that Martin Conjecture is true whenp : q = k : (k + 1), where
k is a positive integer. For thePv-factorizations ofKm,n, Ushio[1] and Wang[10] gave a
necessary and sufficient condition for their existence whenv is an even number (Theorem
4.9 in ref. [1]).

Theorem 1[1,10]. Let k, m, n be positive integers. There exists aP2k-factorization
of Km,n if and only if m = n ≡ 0 (mod k(2k − 1)).

Whenv is an odd number, the existence of thePv-factorization ofKm,n seems to be
much less tractable. In ref. [1], Ushio proposed the following conjecture (Conjecture 5.3
in ref. [1]).

Ushio Conjecture[1]. Let m, n be positive integers andk be odd. ThenKm,n

has aPv-factorization if and only if : (1) (v − 1)m 6 (v + 1)n, (2) (v − 1)n 6
(v + 1)m, (3) m + n ≡ 0 (mod v), (4) vmn/[(v − 1)(m + n)] is an integer.

Although a lot of work has been done on Ushio Conjecture, up to now, the only
known result is that it is true forv = 3. Very recently, we have done some research in
Pv-factorizations ofKm,n

[11,12]. In this paper we will show that Ushio Conjecture is true
whenv = 4k − 1. That is, we shall prove

Theorem 2. Let k, m, n be positive integers. There exists aP4k−1-factorization
of Km,n if and only if (1) (2k − 1)m 6 2kn, (2) (2k − 1)n 6 2km, (3) m + n ≡
0 (mod 4k − 1), (4) (4k − 1)mn/[2(2k − 1)(m + n)] is an integer.

1 Proof of necessity

We first give the proof of necessity of Theorem 2.

Theorem 3. Let k, m, n be positive integers. IfKm,n has aP4k−1-factorization,
then (1) (2k − 1)m 6 2kn, (2) (2k − 1)n 6 2km, (3) m + n ≡ 0 (mod 4k −
1), (4) (4k − 1)mn/[2(2k − 1)(m + n)] is an integer.

Proof. Let r be the number ofP4k−1-factors in the factorization,e be the number
of copiesP4k−1 in any factor. Using simple computation, we have

e =
m + n

4k − 1
, r =

(4k − 1)mn

2(2k − 1)(m + n)
.

It is easy to see that the conditions (3) and (4) are necessary. Leta andb be the number of
copies ofP4k−1 with its endpoints inY andX in a particularP4k−1-factor, respectively.
Then(2k − 1)a + 2kb = m, 2ka + (2k − 1)b = n. Hence

a =
2kn− (2k − 1)m

4k − 1
, b =

2km− (2k − 1)n
4k − 1

.

Conditions (1) and (2) are, therefore, necessary. This proves the theorem.

2 Proof of sufficiency

The proof of sufficiency consists of the following lemmas. For any two integersx
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andy, we usegcd(x, y) to denote the greatest common divisor ofx andy. The following
lemma is obvious.

Lemma 1. Let u, v, x and y be positive integers. Ifgcd(ux, vy) = 1, then
gcd(uv, ux + vy) = 1.

We prove the following result which is used later in this paper.

Lemma 2. If Km,n has aPv-factorization, thenKsm,sn has aPv-factorization for
any positive integers.

Proof. Let {Fi : 1 6 i 6 s} be a1-factorization ofKs,s (see ref. [2]). For each
i ∈ {1, 2, · · · , s}, replace every edge ofFi by aKm,n to get a factorGi of Ksm,sn such
that the graphGi are pairwise edge-disjoint and their union isKsm,sn. SinceKm,n has a
Pv-factorization, it is clear that the graphGi, too, has aPv-factorization. Consequently,
Ksm,sn has aPv-factorization.

Lemma 2 implies that there are three cases to consider.

(1) (2k − 1)m = 2kn.

In this case, let

Fj = {xi+2j−1yi, xi+2jyi : 1 6 i 6 2k − 1}, 1 6 j 6 k,

it is easy to see that it is aP4k−1-factor of K2k,2k−1 and then∪16j6kFj is a P4k−1-
factorization ofK2k,2k−1. Km,n has aP4k−1-factorization from Lemma 2.

(2) 2km = (2k − 1)n.

Obviously,Km,n has aP4k−1-factorization.

(3) 2km > (2k − 1)n and2kn > (2k − 1)m.

In this case, let

a =
2kn− (2k − 1)m

4k − 1
, b =

2km− (2k − 1)n
4k − 1

,

e =
m + n

4k − 1
, r =

(4k − 1)mn

(4k − 2)(m + n)
.

Then from conditions (1)—(4) in Theorem 2,a, b, e, r are integers and0 < a < m, 0 <

b < n. We have(2k − 1)a + 2kb = m, (2k − 1)b + 2ka = n. Hence

r = k(a + b) +
ab

2(2k − 1)(a + b)
.

Let

z =
ab

2(2k − 1)(a + b)
,

which is a positive integer. And letgcd((2k−1)a, 2kb) = d, (2k−1)a = dp, 2kb = dq,
wheregcd(p, q) = 1. Then

z =
dpq

2(2k − 1)[2kp + (2k − 1)q]
.
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These equalities imply the following equalities:

d =
2(2k − 1)[2kp + (2k − 1)q]z

pq
, r =

(p + q)[4k2p + (2k − 1)2q]z
pq

,

m =
2(2k − 1)(p + q)[2kp + (2k − 1)q]z

pq
,

n =
[4k2p + (2k − 1)2q][2kp + (2k − 1)q]z

kpq
,

a =
2p[2kp + (2k − 1)q]z

pq
, b =

(2k − 1)q[2kp + (2k − 1)q]z
kpq

.

Let 2k − 1 = p1
k1p2

k2 · · · pγ
kγ , wherep1, p2, · · · , pγ are distinct prime numbers,

k1, k2, · · · , kγ are positive integers, and2k = q1
h1q2

h2 · · · qω
hω , whereq1, q2, · · · , qω

are distinct prime numbers,h1, h2, · · · , hω are positive integers. Now we can establish
the following lemma.

Lemma 3. If gcd(p, (2k−1)2) = p1
i1p2

i2 · · · pα
iαpα+1

2kα+1−iα+1pα+2
2kα+2−iα+2

· · · pβ
2kβ−iβpβ+1

2kβ+1pβ+2
2kβ+2 · · · pγ

2kγ , where1 6 α 6 β 6 γ, 0 6 ij 6 kj

(when 1 6 j 6 α) or 0 < ij < kj (when α + 1 6 j 6 β); gcd(q, 4k2) =
q1

j1q2
j2 · · · qµ

jµqµ+1
2hµ+1−jµ+1 qµ+2

2hµ+2−jµ+2 · · ·qν
2hν−jνqν+1

2hν+1qν+2
2hν+2 · · ·qω

2hω ,
where1 6 µ 6 ν 6 ω, 0 6 ji 6 hi (when1 6 i 6 µ) or 0 < ji < hi (when
µ + 1 6 i 6 ν). Let

s = p1
i1p2

i2 · · · pα
iα , t = p1

k1−i1p2
k2−i2 · · · pα

kα−iα ,

u = pα+1
iα+1pα+2

iα+2 · · · pβ
iβ ,

v = pα+1
kα+1−iα+1pα+2

kα+2−iα+2 · · · pβ
kβ−iβ ,

w = pβ+1
kβ+1pβ+2

kβ+2 · · · pγ
kγ ,

s′ = q1
j1q2

j2 · · · qµ
jµ , t′ = q1

h1−j1q2
h2−j2 · · · qµ

hµ−jµ ,

u′ = qµ+1
jµ+1qµ+2

jµ+2 · · · qν
jν ,

v′ = qµ+1
hµ+1−jµ+1qµ+2

hµ+2−jµ+2 · · · qν
hν−jν ,

w′ = qν+1
hν+1qν+2

hν+2 · · · qω
hω ,

and letp = suv2w2p′, q = s′u′v′2w′2q′.

(1) If t′ ≡ 1 (mod 2) andv′w′ ≡ 1 (mod 2), then

m = 2stut′(suv2w2p′ + s′u′v′2w′2q′)(vwt′p′ + tv′w′q′)z′,

n = 2suvwv′w′(s′t′2u′p′ + st2uq′)(vwt′p′ + tv′w′q′)z′,

a = 2suvwt′p′(vwt′p′ + tv′w′q′)z′,

b = 2stuv′w′q′(vwt′p′ + tv′w′q′)z′,

r = t′v′w′(suv2w2p′ + s′u′v′2w′2q′)(s′t′2u′p′ + st2uq′)z′,

d = 2stut′(vwt′p′ + tv′w′q′)z′,

for some positive integerz′.
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(2) If t′ ≡ 0 (mod 2) andv′w′ ≡ 1 (mod 2), then

m = stut′(suv2w2p′ + s′u′v′2w′2q′)(vwt′p′ + tv′w′q′)z′,

n = suvwv′w′(s′t′2u′p′ + st2uq′)(vwt′p′ + tv′w′q′)z′,

a = suvwt′p′(vwt′p′ + tv′w′q′)z′,

b = stuv′w′q′(vwt′p′ + tv′w′q′)z′,

r = t′v′w′(suv2w2p′ + s′u′v′2w′2q′)(s′t′2u′p′ + st2uq′)z′/2,

d = stut′(vwt′p′ + tv′w′q′)z′,

for some positive integerz′.

(3) If t′ ≡ 1 (mod 2) andv′w′ ≡ 0 (mod 2), then

m = stut′(suv2w2p′ + s′u′v′2w′2q′)(vwt′p′ + tv′w′q′)z′,

n = suvwv′w′(s′t′2u′p′ + st2uq′)(vwt′p′ + tv′w′q′)z′,

a = suvwt′p′(vwt′p′ + tv′w′q′)z′,

b = stuv′w′q′(vwt′p′ + tv′w′q′)z′,

r = t′v′w′(suv2w2p + s′u′v′2w′2q′)(s′t′2u′p′ + st2uq′)z′/2,

d = stut′(vwt′p′ + tv′w′q′)z′,

for some positive integerz′.

Proof. We assume thegcd(p, (2k − 1)2) = suv2w2, gcd(q, 4k2) = s′u′v′2w′2,
gcd(p, q) = 1 andp = suv2w2p′, q = s′u′v′2w′2q′ holds. Then

gcd(suv2w2p′, s′u′v′2w′2q′) = gcd(s′t′2u′p′, st2uq′) = 1.

Since

r =
(suv2w2p′ + s′u′v′2w′2q′)(s′t′2u′p′ + st2uq′)z

p′q′
.

From Lemma 1, we see thatgcd(suv2w2p′ + s′u′v′2w′2q′, p′q′) = gcd(s′t′2u′p′ +
st2uq′, p′q′) = 1. Hencez/(p′q′) is an integer. Letz1 = z/(p′q′), we have

d =
2stu(vwt′p′ + tv′w′q′)z1

v′w′ .

(1) Whent′ ≡ 1 (mod 2) andv′w′ ≡ 1 (mod 2)

Sincegcd(2, v′w′) = gcd(stu, v′w′) = gcd(vwt′p′+ tv′w′q′, v′w′) = 1, therefore
z1/(v′w′) is an integer. Letz2 = z1/(v′w′), we have

b =
2stuv′w′q′(vwt′p′ + tv′w′q′)z2

t′
.

Sincegcd(2, t′) = gcd(st′uv′w′q′, t′) = gcd(vwt′p′+t′v′w′q′, t′) = 1, thereforez2/t′

is an integer. Letz′ = z2/t′. Then the equalities in (1) hold.

(2) Whent′ ≡ 0 (mod 2) andv′w′ ≡ 1 (mod 2)

Sincegcd(2, v′w′) = gcd(stu, v′w′) = gcd(vwt′p′+ tv′w′q′, v′w′) = 1, therefore
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z1/(v′w′) is an integer. Letz2 = z1/(v′w′), we have

b =
2stuv′w′q′(vwt′p′ + tv′w′q′)z2

t′
.

Sincegcd(2, t′) = 2, gcd(st′uv′w′q′, t′) = gcd(vwt′p′ + t′v′w′q′, t′) = 1, therefore
2z2/t′ is an integer. Letz′ = 2z2/t′. Then the equalities in (2) hold.

(3) Whent′ ≡ 1 (mod 2) andv′w′ ≡ 0 (mod 2)

Sincegcd(2, v′w′) = 2, gcd(stu, v′w′) = gcd(vwt′p′ + tv′w′q′, v′w′) = 1, there-
fore2z1/(v′w′) is an integer. Letz2 = 2z1/(v′w′), we have

b =
stuv′w′q′(vwt′p′ + tv′w′q′)z2

t′
.

Sincegcd(st′uv′w′q′, t′) = gcd(vwt′p′+ t′v′w′q′, t′) = 1, thereforez2/t′ is an integer.
Let z′ = z2/t′. Then the equalities in (3) hold.

This proves the lemma.

We are now in position to prove Theorem 2. For our main result, we only need the
following direct constructions.

Lemma 4. For any positive integerss, t, u, v, w, s′, t′, u′, v′, w′, p andq,
let

m = 2stut′(suv2w2p + s′u′v′2w′2q)(vwt′p + tv′w′q),

n = 2suvwv′w′(s′t′2u′p + st2uq)(vwt′p + tv′w′q).
ThenKm,n has aPstuvw+s′t′u′v′w′-factorization ifstuvw + 1 = s′t′u′v′w′.

Proof. Leta = 2suvwt′p(vwt′p+tv′w′q), b = 2stuv′w′q(vwt′p+tv′w′q), r =
t′v′w′(suv2w2p + s′u′v′2w′2q)(s′t′2u′p + st2uq), r1 = t′(suv2w2p + s′u′v′2w′2q)
andr2 = v′w′(s′t′2u′p + st2uq). Let X andY be the two partite sets ofKm,n and set

X = {xi,j : 1 6 i 6 r1; 1 6 j 6 2stu(vwt′p + tv′w′q)},
Y = {yi,j : 1 6 i 6 r2; 1 6 j 6 2suvw(vwt′p + tv′w′q)}.

We shall construct aPstuvw+s′t′u′v′w′-factorization ofKm,n. We remark in advance
that the additions in the first subscripts ofxi,j ’s andyi,j ’s are taken modulor1 andr2

in {1, 2, · · · , r1} and{1, 2, · · · , r2}, respectively, and the additions in the second
subscripts ofxi,j ’s andyi,j ’s are taken modulo2stu(vwt′p+tv′w′q) and2suvw(vwt′p+
tv′w′q) in {1, 2, · · · , 2stu(vwt′p + tv′w′q)} and{1, 2, · · · , 2suvw(vwt′p + tv′w′q)},
respectively.

For eachi, x, y, z andx′, 1 6 i 6 t′p, 1 6 x 6 vw, 1 6 y 6 suvw, 1 6 z 6 t

and0 6 x′ 6 1, let f(i, x, y) = suv2w2(i − 1) + suvw(x − 1) + y, g(i, y, z, x′) =
s′t′u′v′w′(i−1)+suvw(z−1)+y+x′ andh(i, x, y, x′) = 2suvw(i−1)+2su(vwt′p+
tv′w′q)(x− 1) + 2y + x′ − 1, and set

Ei = {xf(i,x,y),j+2su(vwt′p+tv′w′q)(z−1)yg(i,y,z,x′),j+h(i,x,y,x′) :

1 6 j 6 2su(vwt′p + tv′w′q), 1 6 x 6 vw,

1 6 y 6 suvw, 1 6 z 6 t, 0 6 x′ 6 1}.
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For eachi, x, y, z andx′, 1 6 i 6 v′w′q, 1 6 x 6 stu, 1 6 y 6 vw, 1 6 z 6 t

and0 6 x′ 6 1, let ϕ(i, x, y, x′) = suv2w2t′p + s′t′u′v′w′(i − 1) + vw(x − 1) +
y + x′, ψ(i, x, z) = s′t′2u′v′w′p + st2u(i− 1) + stu(z − 1) + x andφ(i, x, y, x′) =
2suvwt′p + 2x + 2stu(i− 1) + 2su(vwt′p + tv′w′q)(y − 1) + x′ − 1, and let

Et′p+i = {xϕ(i,x,y,x′),j+2su(vwt′p+tv′w′q)(z−1)yψ(i,x,z),j+φ(i,x,y,x′) :

1 6 j 6 2su(vwt′p + tv′w′q), 1 6 x 6 stu,

1 6 y 6 vw, 1 6 z 6 t, 0 6 x′ 6 1}.
Notice thatstuvw + 1 = s′t′u′v′w′. Let F = ∪16i6t′p+v′w′qEi, then it is easy

to see that the graphF is aPstuvw+s′t′u′v′w′-factor ofKm,n. Define a bijectionσ from
X ∪ Y onto X ∪ Y in such a way thatσ(xi,j) = xi+1,j , σ(yi,j) = yi+1,j . For each
i ∈ {1, 2, · · · , r1} and eachj ∈ {1, 2, · · · , r2}, let

Fi,j = {σi(x)σj(y)| x ∈ X, y ∈ Y, xy ∈ F}.
It is easy to show that the graphsFi,j (1 6 i 6 r1, 1 6 j 6 r2) arePstuvw+s′t′u′v′w′-

factors ofKm,n and their union isKm,n. Thus{Fi,j| 1 6 i 6 r1, 1 6 j 6 r2} is a
Pstuvw+s′t′u′v′w′-factorization ofKm,n.

This proves the lemma.

In the following constructions,dxe denotes the lessest integer greater than or equal to
x andbxc denotes the greatest integer less than or equal tox.

Lemma 5. For any positive integerss, t, u, v, w, s′, t′, u′, v′, w′, p andq,
t′ ≡ 0 (mod 2), let

m = stut′(suv2w2p + s′u′v′2w′2q)(vwt′p + tv′w′q),

n = suvwv′w′(s′t′2u′p + st2uq)(vwt′p + tv′w′q),

ThenKm,n has aPstuvw+s′t′u′v′w′-factorization ifstuvw + 1 = s′t′u′v′w′.

Proof. Let a = suvwt′p(vwt′p + tv′w′q), b = stuv′w′q(vwt′p + tv′w′q), r =
t′v′w′(suv2w2p+s′u′v′2w′2q)(s′t′2u′p+st2uq)/2, r1 = t′(suv2w2p+s′u′v′2w′2q)/2
andr2 = v′w′(s′t′2u′p + st2uq). Let X andY be the two partite sets ofKm,n and set

X = {xi,j : 1 6 i 6 r1; 1 6 j 6 2stu(vwt′p + tv′w′q)},
Y = {yi,j : 1 6 i 6 r2; 1 6 j 6 suvw(vwt′p + tv′w′q)}.

We shall construct aPstuvw+s′t′u′v′w′-factorization ofKm,n. We remark in advance
that the additions in the first subscripts ofxi,j ’s andyi,j ’s are the same as those of Lemma
4, and the additions in the second subscripts ofxi,j ’s and yi,j ’s are taken modulo
2stu(vwt′p+tv′w′q) andsuvw(vwt′p+tv′w′q) in {1, 2, · · · , 2stu(vwt′p+tv′w′q)}
and{1, 2, · · · , suvw(vwt′p + tv′w′q)}, respectively.

For eachi, x, y, z, x′ andy′, 1 6 i 6 pt′/2, 1 6 x 6 vw, 1 6 y 6 suvw, 1 6
z 6 t and 0 6 x′, y′ 6 1, let f(i, x, y) = suv2w2(i − 1) + suvw(x − 1) +
y, g(i, y, z, x′, y′) = 2s′t′u′v′w′(i − 1) + s′t′u′v′w′x′ + suvw(z − 1) + y + y′ and
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h(i, x, y, y′) = 2suvw(i− 1) + su(vwt′p + tv′w′q)(x− 1) + 2y + y′ − 1, and set

Ei = {xf(i,x,y),j+su(vwt′p+tv′w′q)(z−1)+stu(vwt′p+tv′w′q)x′yg(i,y,z,x′,y′),j+h(i,x,y,y′) :

1 6 j 6 su(vwt′p + tv′w′q), 1 6 x 6 vw,

1 6 y 6 suvw, 1 6 z 6 t, 0 6 x′, y′ 6 1}.

For eachi, x, y, z andx′, 1 6 i 6 v′w′q, 1 6 x 6 stu, 1 6 y 6 vw, 1 6 z 6 t

and0 6 x′ 6 1, let ϕ(i, x, y) = suv2w2t′p/2 + s′t′u′v′w′(i− 1)/2 + d[vw(x− 1) +
y + x′]/2e, ψ(x, y, z, x′) = su(vwt′p + tv′w′q)(z − 1) + stu(vwt′p + tv′w′q)[1 −
(d[vw(x−1)+y]/2e−b[vw(x−1)+y]/2c)](1−x′)+stu(vwt′p+tv′w′q)(d[vw(x−
1) + y]/2e − b[vw(x− 1) + y]/2c)x′ and ’φ(i, x, y) = suvwt′p + x + stu(i− 1) +
su(vwt′p + tv′w′q)(y − 1), and let

Et′p/2+i = {xϕ(i,x,y),j+ψ(x,y,z,x′)ys′t′2u′v′w′p+st2u(i−1)+stu(z−1)+x,j+φ(i,x,y) :

1 6 j 6 su(vwt′p + tv′w′q), 1 6 x 6 stu,

1 6 y 6 vw, 1 6 z 6 t, 0 6 x′ 6 1}.

The remaining proof is similar as that of Lemma 4.

Lemma 6. For any positive integerss, t, u, v, w, s′, t′, u′, v′, w′, p andq,
v′w′ ≡ 0 (mod 2), let

m = stut′(suv2w2p + s′u′v′2w′2q)(vwt′p + tv′w′q),

n = suvwv′w′(s′t′2u′p + st2uq)(vwt′p + tv′w′q).

ThenKm,n has aPstuvw+s′t′u′v′w′-factorization ifstuvw + 1 = s′t′u′v′w′.

Proof. Let a = suvwt′p(vwt′p + tv′w′q), b = stuv′w′q(vwt′p + tv′w′q), r =
t′v′w′(suv2w2p+ s′u′v′2w′2q)(s′t′2u′p+ st2uq)/2, r1 = t′(suv2w2p+ s′u′v′2w′2q)
andr2 = v′w′(s′t′2u′p+ st2uq)/2. LetX andY be the two partite sets ofKm,n and set

X = {xi,j : 1 6 i 6 r1; 1 6 j 6 stu(vwt′p + tv′w′q)},
Y = {yi,j : 1 6 i 6 r2; 1 6 j 6 2suvw(vwt′p + tv′w′q)}.

We shall construct aPstuvw+s′t′u′v′w′-factorization ofKm,n. We remark in advance
that the additions in the first subscripts ofxi,j ’s andyi,j ’s are the same as those of Lemma
4, and the additions in the second subscripts ofxi,j ’s and yi,j ’s are taken modulo
stu(vwt′p+ tv′w′q) and2suvw(vwt′p+ tv′w′q) in {1, 2, · · · , stu(vwt′p+ tv′w′q)}
and{1, 2, · · · , 2suvw(vwt′p + tv′w′q)}, respectively.

For eachi, x, y, z andx′, 1 6 i 6 t′p, 1 6 x 6 vw, 1 6 y 6 suvw, 1 6 z 6 t

and0 6 x′ 6 1, let f(i, x, y) = suv2w2(i − 1) + suvw(x − 1) + y, g(i, y, z, x′) =
s′t′u′v′w′(i− 1)/2 + d(t(y − 1) + z + x′)/2e andh(i, x, y, z, x′) = suvw(i− 1) +
su(vwt′p+tv′w′q)(x−1)+y+suvw(vwt′p+tv′w′q)[1−(d(t(y−1)+z)/2e−b(t(y−
1)+z)/2c)](1−x′)+suvw(vwt′p+tv′w′q)(d(t(y−1)+z)/2e−b(t(y−1)+z)/2c)x′,
Copyright by Science in China Press 2005
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and let

Ei = {xf(i,x,y),j+su(vwt′p+tv′w′q)(z−1)yg(i,y,z,x′),j+h(i,x,y,z,x′) :

1 6 j 6 su(vwt′p + tv′w′q), 1 6 x 6 vw,

1 6 y 6 suvw, 1 6 z 6 t, 0 6 x′ 6 1}.
For eachi, x, y, z, x′ and y′, 1 6 i 6 v′w′q/2, 1 6 x 6 stu, 1 6 y 6

vw, 1 6 z 6 t and0 6 x′, y′ 6 1, let ϕ(i, x, y, x′, y′) = suv2w2t′p + s′t′u′v′w′y′ +
2s′t′u′v′w′(i− 1)+ vw(x− 1)+ y +x′, ψ(i, x, z) = s′t′2u′v′w′p/2+ st2u(i− 1)+
stu(z−1)+x andφ(i, x, y, x′, y′) = suvwt′p+x+stux′+2stu(i−1)+su(vwt′p+
tv′w′q)(y − 1) + suvw(vwt′p + tv′w′q)y′, and let

Et′p+i = {xϕ(i,x,y,x′,y′),j+su(vwt′p+tv′w′q)(z−1)yψ(i,x,z),j+φ(i,x,y,x′,y′) :

1 6 j 6 su(vwt′p + tv′w′q), 1 6 x 6 stu,

1 6 y 6 vw, 1 6 z 6 t, 0 6 x′, y′ 6 1}.
The remaining proof is similar as that of Lemma 4.

Applying Lemmas 2—6, we see that for the parametersk, m andn satisfying condi-
tions (1)—(4) in Theorem 2,Km,n has aP4k−1-factorization.

Theorem 4. Let k, m, n be positive integers. If(1) (2k−1)m 6 2kn, (2) (2k−
1)n 6 2km, (3) m + n ≡ 0 (mod 4k − 1), (4) (4k − 1)mn/[2(2k − 1)(m + n)] is
an integer, thenKm,n has aP4k−1-factorization.

Combining Theorem 3 and Theorem 4 we obtain Theorem 2, that is, we have proved:
Ushio Conjecture onPv-factorization ofKm,n is true whenv = 4k − 1.
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